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ABSTRACT. This paper proposes a unified approach to derive sharp bounds on all conventional policy
parameters when the instrumental variables (IVs) are potentially invalid. Using a Vine Copula approach,
we propose a novel characterization of the identified sets for the marginal treatment effect (MTE) and
the policy-relevant treatment effect (PRTE) parameters. Our method has various advantages: First,
it explicitly demonstrates how imposing different I'V-related assumptions with different credibility
levels affects the MTE and PRTE’s identified set. Second, it can be used to test model specifications
and hypotheses about various imperfect IV-related assumptions. Third, it provides a tractable way
to inform policy choices in the presence of uncertainty of the validity of identifying assumptions.
Our approach enlarges the MTE framework’s scope by showing how it can be used to inform policy
decisions even when valid instruments are not available.
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1. INTRODUCTION

Evaluating the impact of an intervention is fundamental for policymakers. It generates knowledge
about a program’s effectiveness and determines whether it should be scaled up, down, or discontinued.
However, the program (treatment) effects may vary widely across economic agents, and expectations
about individual treatment effects may trigger strategic participation. In such an environment,
uncovering aggregate treatment effect parameters and using them as baseline information to evaluate
new policies is challenging. Heckman and Vytlacil (2005, HV0S5 hereafter) propose a key causal
parameter: the marginal treatment effect (MTE). The identification of the MTE allows researchers to
recover conventional causal parameters of interest, such as average treatment effect (ATE), Local
ATE (LATE), and the ATE on treated/untreated (ATT/ATUT). It also allows researchers to evaluate
new policies through the policy-relevant treatment effect parameter (PRTE). Since its introduction,
various approaches have been proposed to identify the MTE and then the PRTE. HVO05 requires
the treatment selection to be defined by a single threshold crossing model —which imposed a
monotonicity restriction, see (see Vytlacil, 2002)—and a continuous instrument. Recently, Brinch,
Mogstad, and Wiswall (2017), Mogstad, Santos, and Torgovitsky (2018) shows that the MTE can be
recovered even in the presence of discrete instruments but at the cost of imposing some parametric or
shape restrictions. Lee and Salanié (2018) relaxes the single threshold selection rule and shows the
identification of the MTE in the presence of multiple thresholds.

However, all existing MTE identification strategies strongly rely on the availability of valid
instruments. The valid instruments assumption often creates a great deal of controversy amongst
economists, see discussions in Deaton (2009) and Deaton, Heckman, and Imbens (2010). Manski
(2011) questioned the “credibility" of policy predictions based on parameters obtained under doubtful,
contestable, or non-testable restrictions and asserted that it would be harmful to policy choice. Then,
there is a clear tension between the strength of the assumptions used to recover the MTE and the
“credibility" of any policy recommendations based on it. One way to resolve this tension, as advocated
by Manski (2011), is what he referred as layered policy analysis. Layered policy analysis demands
researchers to visit various assumptions at different levels of credibility and analyze how this affects

policy predictions.!

1Regarding the layered analysis, Manski (2011, F289) said: “A researcher who performs an instructive layered policy
analysis and exposits work clearly may see himself as having accomplished the objective of informing choice."
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This paper’s first main contribution is to show how one can use a modified version of the MTE to
perform informative and credible policy analyses on conventional policy parameters, specifically
the PRTE. To accommodate possibly invalid instruments, we introduce a modified MTE parameter,
namely the disaggregated marginal treatment effect (DMTE). To fix the idea, consider the model
Y =YD+ Yy(1l—D)and D = 1{P(Z) > V}, where Y7 and Y} are potential outcomes, D is
the treatment, Y is the observed outcome, Z are (possibly invalid) instrument variables, and V is
independent with P(Z) and is normalized to have U|0, 1] distribution. We define the DMTE as
the expectation of treatment effect conditioning on V and P(Z) —the propensity score, that is,
DMTE(v, p) = E[Y; — Y|V = v, P(Z) = p].> We show that all the aforementioned conventional
policy parameters, including the MTE, can be expressed as a weighted average of the DMTE under
the threshold-crossing treatment selection rule only, making the DMTE a more primitive parameter
than the MTE. Unlike the MTE, the mapping between the DMTE and other policy parameters
does not require any element of Z to be a valid instrument. Furthermore, the weights are directly
identifiable from the data. Therefore, we can partially identify any of the conventional policy
parameters as long as the identified set for DMTE is available.

Secondly, we propose a Vine Copula approach to partially identify the DMTE. We show that under
the assumption that V is independent with P(Z) = P, the dependence structure among variables
(Y4, P, V) is fully captured by two copula functions. The first one is the conditional copula of Yy
and V given P, i.e. Cy, y| p(.,.). This copula characterizes the endogenous selection in the model.
If Cy, y|p(.,.) takes a product form, then we have “selection on observables”. There is no issue
of endogenous selection once P is controlled; otherwise, “selection on unobservables” exists. The
other copula function is Cy, p(.,.), which captures the dependence between the potential outcomes
and the propensity score. This copula measures the “quality of instruments” and is a key function
that we investigate in this paper. For example, if P(Z) is a valid instrument, as assumed in existing
literature, then it must be the case that Cyd,p(XLXz) = x1xp. Therefore, we can view the IV
independence assumption as a shape restriction on the unknown function Cy, p(x1,x2). Under the

copula formulation, we show that calculating the identified set of the DMTE boils down to finding

2Like the LATE, the DMTE itself is an instrument-dependent parameter. It is not used here for causal interpretation but
rather as an intermediary quantity to recover conventional policy parameters.



the set of conditional bivariate copulas that respect a set of equality constraints and any additional
constraints that researchers would like to impose on Cyd,p(xl, x2).

In our Vine Copula characterization, the identified set of DMTE depends on restrictions that we
impose on Cy, p(x1, x2) in an explicit way. At one extreme, when we impose the I'V-independence
assumption, the set of equality constraints pins down a unique copula Cy, v|p (.,.), which therefore
allows the point identification of the MTE and then other policy parameters. At the other extreme,
where we impose no restrictions on Cy, p(.,.), our characterization recovers the sharp bounds on
the DMTE under only the single threshold crossing assumption. One can also impose restrictions
that are weaker than IV-independence. For instance, we show that imposing the Monotone IV
assumption—see Manski and Pepper (2000)— is equivalent to considering only the set of copulas
Cyd’p(xl, x7) that are concave in x;. In this case, we recover the sharp identified set under monotone
IV. As we demonstrate in more detail in the main text, our approach, in general, provides empirical
researchers a very flexible way to derive the identified set on the DMTE under any dependence
restrictions she is willing to impose between the IV and the potential outcomes. From this perspective,
our method shares the same spirit as the layered policy analysis discussed in Manski (2011).

To make our approach more operational, we also consider a semi-parametric version of our
characterization by imposing parametric assumptions on the copulas but leaving the marginals entirely
nonparametric. In this case, we show that the identification analysis boils down to constructing
identified sets for only the copula function’s finite-dimensional parameters. As discussed in Chen,
Fan, and Tsyrennikov (2006), using this type of semi-parametric approach to study multivariate
distributions has gained popularity in diverse fields for its flexibility and ability to circumvents the
curse of dimensionality.

It is worth noting that the assumptions — IV-independence and monotonicity assumptions—
imposed by HVO5 to identify the MTE have testable implications (see HV05 Appendix A). As a
by-product contribution, we provide a more tractable characterization of MTE assumptions’ sharp
testable implications. We show that the proposed characterization is sufficient to screen all possible
observable violations of the MTE assumptions, and one can test it using existing inferential methods,
e.g., Hsu, Liu, and Shi (2019). The rejection of the testable implication demands one to relax

some of the MTE assumptions, and in such cases, our proposed layered analysis provides a possible



solution. Our approach can also be used to perform specification tests for various alternative imperfect
IV-related assumptions a researcher would like to consider.

Finally, we show that our identification strategy for MTE and PRTE also applies to models in
which multiple thresholds on multiple unobserved heterogeneities define the selection equation.
Therefore, this current paper (i) extends the Lee and Salanié (2018) identification approach to the
case when none of the existing continuous covariates satisfies the IV-independence assumption; and
(i) also applies to the so-called "actual monotonicity" recently discussed in Mogstad, Torgovitsky,
and Walters (2019).

We organize the rest of the paper as follows. In Section 2, we introduce the intermediate quantity
DMTE and build its connection with other policy parameters. We characterize the identified set for
DMTE under various assumptions on the IV and also discuss the implementation of our method in a
semi-parametric setup in Section 3. We extend the analysis to a two-threshold model in Section 4.

Section 5 concludes the paper.

2. POLICY PARAMETERS AND DISAGGREGATED MTE

We adopt the framework of the potential outcomes model: Y = YD + Yy(1 — D), where
Y € Y C Ris the observed outcome taking values from the support ), D € {0, 1} is the observed
treatment indicator, and (Y7, Yp) are potential outcomes. Heckman and Vytlacil (1999) trace the
genealogy of this model, and we refer to them for terminology and attribution. Let Z be a vector of
covariates taking values from the support Z C R% for d, > 1. The following Assumptions 1 and 2

are required for the point identification of the MTE nonparametrically:

Assumption 1 (Single Threshold-Crossing: STC). The selection mechanism is governed by the
following threshold crossing model D = 1{v(Z) > V'} for some measurable and non-trivial
function v, where V follows a uniform distribution over the interval [0,1] and is statistically

independent of the vector of covariates Z, i.e., 7 1. V.3

Hereafter, we use the shorthand notation P(Z) for IP(D = 1|Z), a quantity directly recoverable
from data. We can see that under Assumption 1, v(-) is identified over the support of Z since

P(z) = P(V <v(z)|Z = z) = v(z) forall z € Z. When it cause no confuse, we will use the

3V follows uniform distribution is a normalization. Please see Vytlacil (2002) for primitive conditions under which this
normalization is without loss of generality.



shorthand notation P or p to denote P(Z) or P(z), respectively. Let P C [0, 1] denote the support
of P(Z) and P(z) a generic element of P. For the main text, we restrict our attention to the cases
where the set of limit points of P, denoted by L(P), is non-empty. This excludes the case where P

is discrete.

Assumption 2 (IV Independence). Conditioning on the first stage unobserved variable V, the
propensity score P is statistically independent with the potential outcomes, i.e. P(Z) L Y;|V for
d=0,1.

Assumptions 1 and 2 and the whole remaining analysis, distributional assumptions and theoretical
results, are understood to be conditional on a set of observed covariates X, which will be omitted
from the notation for sake of simplicity. In the following, we will first review why MTE, or the
marginal treatment response (MTR), is not point identified without Assumption 2. Then we will
examine the restrictions that can be used for partial identification. Let ¢ : )V — IR be a real integrable
function such that [E[|g(Y;)|] < oco. Taking d = 1 as illustration and following the identification
strategy of HVO3, forall p € L(P):

Elg(Y)D|P = p] = E[g(Y1)|D =1,P = p|]P(D = 1|P = p)

= E[g(Y1)|V < p,P=plP(V < p|P=p) =E[gM1)|V <p,P=plp
_ /OplE[g(YO]V —0,P = pldFyp_, = /OplE[g(lﬁ)]V — 0, P = pldo,

where all equalities holds only under Assumption 1. The key equation is then:
p
Eg(Y)DIP=p] = [ Elg(n)|V =v,P = pldo. m

By taking the derivative of the previous equation respect with p we obtain:

S EE0IDIP = p] = Elg)IV = p,P =l + [ ZEGOMIV = 0P = pldo.

It can be seen that the left hand side of the equation, also known as the the Local IV (LIV) estimand
proposed by HV03, can no longer identify the MTR (and MTE) because (i) %IE [g(Y1)|V =0,P =
pl # 0, and (ii) E[¢(Y1)|V = p,P = p] is in general different from E[g(Y7)|V = p| when P

and Y7 are not independent conditioning on V. Nevertheless, Equation (1) still contains useful
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information about the quantity
03 (0,p) = E[g(Yy)|[V =0v,P=p], d=0,1,(v,p) €[0,1] x P,

which we refer in the rest of paper as the disaggregated marginal treatment responses with respect to
the function ¢ and abbreviate it as DMTR,. Analogous to the relationship between MTR and MTE,

we define another intermediate quantity disaggregated marginal treatment effect (DMTE) as:
DMTE(v, p) = E[Y1 — Yo|V =v,P =p], Y(v,p) €[0,1] x P. (3)

DMTR implies DMTE since DMTE(v, p) = 9;(0, p) — 92(7), p) with ¢(+) being chosen as the
identity function.* > It is apparent from Equation (3) that the identification of MTR (hence MTE) is

readily available once DMTR is recovered since

Blg(lV = o) = [ Blg(a)lV =0, = iy (flo)dt = [ edo,n)fol)ar,

and

MTE(v) = E[Y; — Yo|V = 0] = /p DMTE(o, t) fo (t)dt,

where fpjy = fp by Assumption 1 and the density fp of P is directly identified from data. Note that
when P(Z) L Y;|V as in HV05, the DMTE is exactly equal to the MTE and we have

DMTE(v, p) = DMTE(v, p') = MTE(v), 4

for all (p,p’) € P x P and v € [0,1]. Therefore, although the DMTR and DMTE are not
necessarily parameters of direct interest—for being instrument-dependent—they do serve as useful
intermediate quantities to identify the MTR, MTE, and other useful policy parameters such as the
ATE, ATT, ATUT. Specifically, we will show in Theorem 1 below that all these mentioned parameters
can be expressed as a weighted average of DMTE under Assumption 1 only.

Another useful parameter that often draws interest is the policy relevant treatment effect (PRTE,):

4One can also recover its distributional version by choosing s(Yy) =1[Y; <ylie. P(Y1 <y|V=9,P=p)-P(Yy <
ylV=0v,P=p),V(v,p) €0,1] xP.
3It is worth-noting that our DMTE shares a superficial resemblance with the Redefined MTE (MTE) introduced in Zhou

and Xie (2019). In presence of a vector of exogenous covariates X, X/I\TE(U, p) = E[Y1 — Y|V =9,P(Z,X) = p]
while DMTE(v, p, x) = E[Y; — Yo|V = v, P(Z, X) = p, X = x]. Unlike the DMTE, when X|P(X, Z) has a degenerate

—~

distribution, MTE is equal to the MTE, please see Zhou and Xie (2019, Page 3076, eq 8).



E[g(Y)]a'] — E[g(Y)|a]
E[D[a] — E[D[a]

PRTE, =

where a’ and a denote the alternative policy under consideration and the baseline policy, respectively.
Please refer to Heckman and Vytlacil (2001), HVO0S, and Carneiro, Heckman, and Vytlacil (2010)
for a detailed discussion about the PRTE.

Hereafter, Let Y7 denote the potential outcome when the agent is externally set to treatment d
under policy a. In HVOS, the identification of PRTE rely on both Assumptions 1 and 2 and the

following policy invariant assumption:
Assumption 3 (HVO5, Policy Invariance). (Y7,V?) ~ (Y4,V*) fora # a'.

Under Assumptions 1 to 3, HV05 shows that

1 Fpa (Z)) — FP“/ ('0)
0 IE]:PH, [P] - IEFPﬂ [P]

PRTE, = MTE, (v)dv.

wPRTE (7)

The PRTE is designed by HVOS5 to evaluate a new policy that induces a change in P but keeping
the full joint distribution of latent variable unchanged from the baseline policy to the targeting
alternative policy, when Assumptions 1 to 3 hold. In the following, we will propose an alternative

policy invariance assumption and show that the PRTE, can be recovered even when Assumption 2

fails to hold.

Assumption 4 (Conditional Policy Invariance). Y§,|V”,,P“/ ~ YI|V*?, P* with V7o~ ujo, 1,
Ve~ U[0,1] and Y¥ ~ Y& fora # a'.

In Assumption 4, we maintain the same normalization for the distribution of V in both baseline
policy and alternative policy environments. Notice that under Assumption 2, Assumption 4 holds if
and only if Assumption 3 holds. Therefore, if the independence assumption holds, our conditional
policy-invariance becomes equivalent to the HV05’s policy-invariance assumption. The difference is
that without the I'V-independence assumption, Assumption 4 requires the DMTEg, to be invariant
from a policy a to an alternative policy a’, namely DMTE? =DMTEZ,. Unlike HVOS, our conditional

policy-invariance assumption does not impose the invariance of the MTEg,.
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Theorem 1 below shows that the PRTE, can be written as a weighted average of the DMTE,

under Assumptions 1 and 4. We now summarize the above discussion in the following Theorem.

Theorem 1. Suppose that Assumption 1 is satisifed, then
(i) MTEg( fo DMTE(v, p)fr(p)dp;
(i) for any s € {ATEq, LATEg(u,u'),ATTy, ATUT,}° and weights w* (v, p) listed in Table 1
below, we have
s = / / (v, p)DMTE(v, p)doudp. (5)
(iii) If in addition Assumption 4 holds, Equation (5) holds with s = PRTE.
TABLE 1. Policy Parameters and DMTE

Parameters | weights w®(v, p)
ATEg fe(p)
1
ATTg fP(P]%E[‘I{;]KP}
ATUTg fP(]E)[llEZ})TP}
LATEg(u,u') | L1Plpos)
[fpar (P)—fea (p)]1{o<p}
PRTE "B, P, P
Proof. See Appendix A.1. 0

Notice that one can easily verify that when Assumption 2 holds, DMTE (v, p) = DMTE(v)
and then fo (v,p)dp = w*(v) for any s € {ATE,, LATE, (u,u’), ATT,, ATUT,, PRTE }, with
w* (v) being exactly the weights derived in HV05. Although DMTE; itself may or may not be the
main parameter of interest, Theorem 1 shows that it plays an important role in the identification of
many common parameters of interest. Note that the weights are known and can be estimated for each
value (v, p) € [0,1] x P. Thus, we can readily recover the identified sets for any of the conventional
policy parameters once we have the identified set for the DMTR, (hence DMTE,). Therefore, our

main goal will be to provide a tractable characterization of the identified set for the DMTRs.

®Here LATE, (u, u') represents the average treatment effect for the group of compliers when P is externally changed from
utou.



Definition 1. Suppose that Assumption 1 is satisfied. For any integrable real function g(.), the
identified set Oy ¢ for DMTRy is defined as follows:

O = {(92/ 9(%) :[0,1] x [0,1] — R? such that

p+(1—p)1{d=0}

Bls1p=a)p=p=[

9§(U,p)dvford € {0,1}}.

In the main text, we focus on the half-interval class G = {g(-) = 1] < y],y € Y} when
identifying DMTRs. Under the half interval class, the DMTRg can then be expressed as

DMTRG(v,p) = P[Ys < y|V =0, P = p] = By p(ylo,p) d € {0,1}.

Here, the DMTR? is just the conditional distribution function of Yy given P and V. Therefore, the

identification under the interval class recovers DMTRs for other classes of ¢ functions.

3. IDENTIFICATION

In the previous section, we show that there exist intermediate quantities DMTE; or DMTRg,
which facilitate the partial identification of the MTE, and the MTR, without imposing the IV-
independence Assumption 2. In this section, we will take the STC structure (Assumption 1) as
given and characterize identified sets for the MTE, under a sequence of assumptions on the copula
of (P,Y; ). In this sequence of assumptions, we have “no restrictions”” and the “IV-independence

assumption” representing two extreme cases.

3.1. Identification under a single threshold-crossing selection rule. Once we focus on the half-
interval class of ¢ functions, the primitive parameter of interest, as defined in Definition 1, is
the conditional distribution of Y; given V and P. While we do not know precisely the full joint
distribution, the STC structure (Assumption 1) does provide some restrictions. For instance, we know
(or can directly identify from data) the distribution of two of three marginal distributions, i.e., V
and P, and we know that they are independent. This feature suggests it is convenient to use copulas
decomposition to study the joint distribution of interest. Copula theory is useful to separate marginal

properties from properties related to the dependence structure. Here we cite Sklar (1959)’s result:

"We do, however, impose certain regularity conditions, as will be made clear later.
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Lemma 1 (Sklar (1959)’s Theorem). There exist a copula C : [0,1]*> — [0,1] such that

P(Ys <y, V <v,P<p)=Cyyp(Fny) Fv(v), Fe(p)), fory,vp e [—co,c0l.

Moreover, if the margins are continuous, then C is unique; otherwise it is uniquely determined on

RanFy, x RanFy x RanFp where RanFx = Fx([—00,0]) is the range of Fx.

Using the Sklar’s result, we can decompose the joint trivariate distribution into three univariate
distributions and one trivariate copula Cy, v p(Fy, (y), Fv(v), Fp(p)). However, working directly
with the trivariate copula is not very convenient. Unlike the bivariate copula, the dependence of
trivariate copula can be less intuitive to interpret. Also, the number of multivariate (> 2) parametric
copula families with flexible dependence is limited. Furthermore, the STC assumption (Assumption 1)
already provides some restrictions, such as the independence of P and V, and their known marginals.
To fully take advantage of that information, we consider the Vine Copula approach, which was
introduced by Joe (1994) to break down the dependence structure of a multivariate copula into a
sequence of bivariate copulas and conditional bivariate copulas. The Vine copula approach has proven
to be useful in various existing problems such as (constrained) sampling of correlation matrices,
building non-parametric continuous Bayesian networks, and various applications in finance. Here,
we will make use of the Vine copula in our treatment effect context. To this end, we consider the

following regularity assumption:

Assumption 5. The joint distribution of (Y4, V, P) is absolutely continuous respect to the Lebesgue

measure.

Here we make Assumption 5 only for the ease of notation. V is continuous by definition, and
P is continuous if Z contains a continuous element. It is worth noting that we do not require Z be
valid instruments in the sense of being independent of Y;,d € {0,1}. Then the presence of any
continuous exogenous covariates in the selection equation ensures P is continuous. Therefore, the
main restriction of Assumption 5 is to focus the analysis on applications with continuous outcomes.
Lemma 2 and theorem 2 below can be straightforwardly extended to the case of discrete outcome
variables at the cost of additional notation, see Appendix A.9 for details.

Let Cy, vip—y(Fy,p(y|p), Fy|p(v|p); p) = Fy,v|p(y,v|p) be the conditional copula of (Y, V)

given P = p. Note that given our assumption that V|P = p ~ U0, 1] for all p, the second term
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in the parenthesis can be simplified to v since Fyp(v|p) = v, thatis, Cy, yjp—, (Fy,p(y|p),v; p).
Under Assumption 5, the following Lemma expresses all the conditional distributions in terms of

copulas.

Lemma 2 (Vine Copula). Under Assumptions 1 and 5, for d € {0,1} we have for eachy € Y and

peP,
d
Fy,p(ylp) = aTCZCYd,P(xler) =y, (rFo(p) ca,rp(p) (Fr, (¥)), (6)
d
Fyd\V,P(y|UIP) = BTCZCYd,V\P:p(xlzxZ)

(7

x1=Fy,p(ylp).x2=0

and there exists strictly increasing mappings Y1, and ¥, such that for eachy € Y and p € P,

PlY <y, D=1|P=p| =%1,(F,(y) = Cy, v|p=p (Cl,Fp(p)(PY1 W), v P)- )

P[Y <y,D =0|P = p| = Yo, (Fy(y))
= co () (Fro (1)) = Cryvip (o) (Fro (), Pip) - ©)
That is, the observed probability P[Y <y, D = d|P = p| depends on y only through Fy,(y).
Proof. See Appendix A.2. ]

We have some remarks on the usefulness of the Lemma 2. First, by inserting Equation (6) to
Equation (7), we observe that the parameter of interest DMTR (which equals Fy, |y p (y|v, p) under
the half-interval class) can be considered as a composite mapping from Fy, (i), where the mapping
depends only on the (partial derivatives of) two bivariate copula functions: Cy, y|p and Cy, p. Instead
of working with Fy,|p y, which involves with dependence structure of three variables, we can now
focus on two bivariate copulas. To be more specific, let F* be the set of continuous CDFs, C§ be
the set of conditional copulas for Cy, y|p, and C4 be the set of copulas for Cy, p, the identification
of DMTR is equivalent to the identification of 8 = (Fyl, Fy,, Cyllv‘p, CYO,V|p, Cv,,p, Cyo,p) €O =
FEx F€x Cf x C§ x C1 x Cp under only the STC structure (Assumption 1) and the regularity
condition (Assumption 5). This is important not only because bivariate copula are easier to model,
but also because Cy, p and Cy, y|p have appropriate economic interpretations, as we will see in the

next sessions.
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Secondly, Equations (8) and (9) in the second part of Lemma 2 provide a link between § and the
observed data distribution. Interestingly, given ¥ 5, is invertible (see Appendix A.3), one can “solve”
Fy,(y) = ‘I’;’;(]P[Y <y,D = d|P = p]) from Equations (8) and (9). So once the two bivariate
copula are fixed, Fy, is uniquely determined. Meanwhile, since Fy,(y) does not depends on p, it

should be the case that Vp # p’ andd = 0,1,
Y., (PlY <y,D=d|P=p]) =Y, (P[Y <y D=dP=p), (10)

for all y in the intersection of the conditioning supports of Y|D = d,P = pand Y|D =d,p = p'.®
Notice that the intersection is always non-empty when the IV is valid. One can show any pair of
copulas Cy, y|p and Cy, p that satisfy Equations (8) and (9) can be rationalized by the data and the
model structure. This indeed characterizes the identified set for §, as we summarize in the following

theorem.

Theorem 2. Under Assumptions 1 and 5, the identified set O, in Definition 1 can be equiva-
lently expressed by the identified set @1 of 0 = (Fyl, Fyy, Cy, vip, Cy, vips Cyy b, Cyolp), which is

characterized as follows:

O = {é €O: Ford € {0,1}, (Cy,vip, Cy,,p) € Cg X Cq satisfies Equation (10)

andy € Yap, Fr,(y) = ¥, ,(PY <y, D =d|P = p])},

where Yy, is the conditioning support of Y|ID=d,P = p.
Proof. See Appendix A.3. 0

Theorem 2 characterizes the identified set for § under the STC restriction imposed on the treatment
selection alone. It says that any pair of copulas (CYd,V\ p, Cy,,p) such that the mapping ‘I’;; produces
a flat function in p, can be rationalized by the observed data and the STC model. Meanwhile,

the theorem also provides a convenient characterization of the identified set for subvectors of

81t is possible that for all pair of p # p’, the conditioning supports of Y|D = d,P = pand Y|D = d,p = p’ do not
overlap. For instance, the distribution of Y|D = d, P = p is degenerate. In this case, we lose all the identification power.
We exclude such pathological scenarios throughout the paper and implicitly assume there exists at least one pair of (p, p’)
on which the support of Y|D = d,P = pand Y|D = d, p = p’ has an overlap.
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the parameters. For instance, the projection of the identified set for copulas are determined by
Equation (10), and once (Cy VP Cy,,p) are fixed, Fy, is point identified. In particular, Equation (10)
essentially uses the fact that the marginal distribution of potential outcome is invariant to the
propensity score. This identification approach has some similarity with the identification restriction
of Arellano and Bonhomme (2017, Lemma 1) in their study of the sample selection model. Since
the marginal distributions of potential outcomes are uniquely determined given (Cy v Cyy, p), one
can expect that the assumptions that one imposes on the dependence structure among these variables
largely determine the identification power of the model. Not surprisingly, Theorem 2 reduces to the
identification equation in HV05 when Assumption 2 holds, that is, when P is independent with Y

given V. The following corollary summarizes this observation.

Corollary 1. Suppose Assumptions 1, 2 and 5 hold, then the identification equation postulated in
Theorem 2 coincides with the identification result of HVO05, that is,
dap

=Py, <y|V=p].

and
JdP[Y <y,D = 0|P = p]
o PYo <y|V = p]

Proof. See Appendix A 4.

Remark 1. (Selection on observables) In our framework, the selection on observables assumption
boils down to imposing that Cydlvlp(X‘l, X2) = x1Xp. In such a case, we can easily see through

Lemma 2 that we recover the well known identification result under selection on observables, i.e.

Fy,p(ylp) =P(Y <y|D=4,P =p).

3.2. Identification with Imperfect IVs. We previously characterized the identified set for the
DMTE by only imposing the STC assumption. We also showed that if we additionally impose
the independence assumption, we recover the HVOS point identification results for the MTE and
subsequent parameters. However, the validity of the independence assumption is very often subject to
significant controversy, see, for instance, Deaton, Heckman, and Imbens (2010). Therefore, Manski
and Pepper (2000) proposed to relax the IV assumption in order to have more credible and trustworthy

results.
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In this subsection, we will further explore in this direction and study the identification of DMTE
under imperfect [Vs. Here, we refer to “imperfect IVs” as any covariates in the selection equation
that could be dependent on the potential outcomes, with the type of dependence being restricted by
the economic theory or the empirical context under study. We will show that these restrictions can
be easily implemented in our approach to derive sharp bounds on the DMTE and, therefore, on all
conventional policy parameters. Indeed, Manski and Pepper (2000) provide sharp bounds on the ATE
under the monotone IV (MIV) assumption. However, their approach is not immediately transferrable
in the sense that if an applied researcher is interested in other parameters or other deviations of the
IV assumptions, she has to derive the specific sharp bounds for this parameter of interest. Using
DMTE as a bridge, our unified approach allows the researcher to recover sharp bounds on a variety
of parameters of interest under a various IV dependence assumptions, a nice feature inherited from
the classical MTE framework. This will free applied researchers from case-by-case constructions.

Before visiting various imperfect IV restrictions, let us consider two empirical cases for illustration:
3.2.1. Violation of the exclusion restriction. Let us consider the following simple model:

= aD+yP+e¢,

D = 1{P>V}

where P L (a,€,V) and vy is a constant. As can be seen, the usual MTE assumptions are violated as
soon as 7y # 0. This potential violation of the exclusion restriction is an important concern in many
empirical applications. We argue that even if y # 0, it is possible to provide informative bounds on
MTE and PRTE parameters. Indeed, it can be easily shown that P(Y; < y|P = p) = Feipa(y — vp)
for d € {0,1} which implies a monotone IV restriction, i.e. Y|P = p =psp Y;|P = p’ for all

p' > porYy|P=p=psp Y|P = p forall p’ < p, depending on the sign of .

3.2.2. Misspecification in presence of multiple treatments. One recent and growing empirical appli-
cation using the MTE identification strategy is the Judge leniency IV designs.’ Consider a model
where two simultaneous treatments determine the outcome while researchers focus only on one
treatment and overlook the second one. This is a paramount concern that appears in the Judge

9See for instance Kling (2006); Aizer and Doyle Jr (2015); Di Tella and Schargrodsky (2013); Mueller-Smith (2015);
Dobbie, Goldin, and Yang (2018), and Bhuller, Dahl, Loken, and Mogstad (2019) among others.
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leniency IV design literature. In this literature, researchers are interested in the causal effect of
incarceration decisions on future outcomes such as recidivism, making abstraction of other potential
treatments. However, trial decisions are multidimensional, with judges deciding on incarceration,

fines, community service, etc.'” Let us consider the following model:

Y = [Y11D2 4+ Y19(1 — D2)] D1 + [Yo1 D2 + Yoo(1 — D2)](1 — Dy),
Y; Yo
D = 1{P1 > Vl}, D, = 1{P2 > Vz}.

where D, denotes the incarceration decision and D> is a second binary treatment that denotes if
the agent receives a fine or not. Yy, 4, denotes the potential outcome when the two treatments are
externally set to D; = dq and D, = d;. P; and P, are measures of the judge’s stringency level for a
different punishment. Assuming that the judge’s assignment to cases is entirely random, we might
expect the following IV-independence assumption (Vi, Vo, Yy,4,) L (P1, P») to hold. When Dj is

neglected, researchers essentially adopt the following model:

Y:Y1D1—|—YQ(1—D1), (11)

Dy = 1{P1 > Vl}. (12)

where Y; = [Y51D2 + Ya0(1 — Dy)] ford € {0,1}. When considering this simplified model, we
must be cautious about the causal interpretation of E[Y; — Yy|V; = v1]. Indeed, the latter quantity
does not capture the direct causal effect of incarceration (D1), but rather the total causal effect of the
incarceration —for an individual at the margin— that is mediated by the fines effect on the recidivism.
Please see Pearl (2013) for a detailed discussion. Now, let’s presume that we are interested in
the identification of the total effect. Under the IV independence (Vi, V2, Ya,4,) L (P1, P2), where
di € {0,1},d, € {0,1}, we can show that for p; < p} (without loss of generality) and an arbitrary

yey,
P(Y1 <y[Pr = p1) —P(Y1 < y|Pr = p1) = Ep,p—p, [Hy(P2)] — Ep,p,—p [Hy(P2)],

where Hy(p2) = Opz {IP(YH < y|Vo =) —P(Yio < y|V2 = vz)}dvz. This leads to the

following result:

10pjease see Bhuller, Dahl, Loken, and Mogstad (2019)’s section 5.5) for a detailed discussion.
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Lemma 3. Considering the model (11, 12), where Y; = [Y;1Da + Yg0(1 — Dy)] for d € {0,1},
Dy = 1{P > Va} and (V1, Vo, Yy,4,) L (P1, P2). We have,

() IFP(Yy <y|Va=1v2) =P Yy < y|Va = v2) forall vy and y, then Y; L P;.

(ii) IFP, L Py, thenY; L Py,

(iii) If for each vy € [0,1] the conditional distribution of Yy given Vo = vy first order stochastically
dominates the distribution of Yy given Vo = vy, i.e. Yg0|Vo = v2 =psp Yq1|Va = vy, and if
for any pair (p},p1) € P? such that pj > p1, we have Po|Py = p} =rsp P2|P = py, then
Y4|Pr = p1 =rsp Ya|P1 = p}.

Proof. See Appendix A.5

Lemma 3 (i) and (ii) provide two sufficient conditions under which ignoring D, does not cause
the failure of I'V-independence assumption (with respect to P;). In the misspecified model, Y7 is
essentially a mixture of Y71 and Y7p—two random variables that are independent with P;. Condition
(i) says that these two random variables have the same distribution conditioning on V5; hence any
mixing between them does not change the distribution. The condition in (ii) says the mixing weights
are independent of Pj, so the mixture of Yi; and Yjq is independent of P; as well. However, in
applications, it is hard to justify Y71 and Yio have the same distribution conditioning on V,, and we
also observe that P; and P, tend to be positively correlated. Therefore, if receiving a fine or not
has a direct causal impact on recidivism and if a judge’s stringency indexes for both treatments are
correlated, then the IV independence assumption in the misspecified model is violated. Bhuller, Dahl,
Loken, and Mogstad (2019) propose some suggestive ideas to screen for such violations; however,
it is worth noting their suggestive tests are not very informative to screen violations of the MTE
assumptions. In Appendix B, we propose a nonparametric specification test of the MTE assumptions.
We show that the test is sharp in the sense that it is the most informative one to screen all detectable
violations of the MTE assumptions.

Lemma 3 (iii) shows that while the IV independence assumption is violated, we can invoke a
monotone I'V assumption under some reasonable restrictions. More precisely, Y1o|V2 = v2 =Frsp
Y11|V2 = v, means that conditionally on V3, being externally assigned to both punishments (incar-
ceration and fines), make someone less likely to reoffend than someone who is externally assigned

to incarceration but with no fines. The second condition P»|P; = p} >=rsp P»|P = p for pj > p1
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suggests that the level of Judge’s stringency is positively dependent for two types of punishments.
Under those conditions, Lemma 3 (iii) suggests that P; can be considered as monotone 1V; that is,
being more stringent on incarceration leads to less recidivism. Below, we will show how we could

bound the MTE in such an empirical context using the monotone IV assumption.

3.2.3. Imperfect IVs. We will consider the following list of imperfect IVs:

Assumption 6 (Imperfect IVs).
(a) Affiliated IV: We say the propensity score P is an Affiliated 1V if the joint density fpy,

of P and Yy satisfies fpy,(p,v)fey,(P",¥) > fex,(p.y' ) fry,(p'y) for any p > p’ and

y >y, where (p,y) and (p',y') belong to the joint support of (P, Yy)'l.
Fy,p(ylp)

(b) IHRD IV: We say the propensity score P is an Inverse Hazard Rate Decreasing IV if I ‘PEy| 7
d

is non-increasing in p for all y.

(c) MIV: We say P is a monotone 1V if for any pair (p’, p) € P x P such that p’ > p, P = p,
i.e. Y|P = p' »rsp Y4|P = p. In other terms, P(Yy; > y|P = p) is non-decreasing in p
forally € V.12

(d) RTI-IV: We say the propensity score P is a right tail increasing IV, if Y; is right tail
increasing in P, i.e. RT1(Yy|P) meaning that P(Y; > y|P > p) is non-decreasing in p for
ally € ).

(e) LTD-IV: We say the propensity score P is a left tail decreasing IV, if Y is left tail decreasing
in P, i.e. LTD(Yy|P) meaning that P(Y; < y|P < p) is non-increasing in p forally € ).

(f) PQD-IV: We say the propensity score P is a positive quadrant dependent 1V, if P(Y; >
y,P>p) >P(Y; >y)P(P>p)foral (y,p) €Y xP.

We define the imperfect IV assumptions relative to the propensity score P. However, we can also
define it with respect to the vector of instruments.'? Affiliated IV means that it is more likely that the
pair of realizations of Y; and P simultaneously take high values or low values than for Y; to take

a high (resp. low) realization while P take a low (resp. high) realization. The MIV is a positive

Mt is also referred as fr,y,(y, p) being TP2 (Totally Positive of Order 2)

27his property is also referred as Y; being positively regression dependent on P.

Bpor instance, let “>" denotes the component-wise partial order when comparing vectors, then we can state: for any pair
z' = z in the support of a vector of observable variables Z, the conditional distribution of Y,;,d € {0,1} given Z = 2’
first order stochastically dominates the distribution of Yy given Z = z, i.e. Y4|Z = z’ =psp Y4|Z = z. Then the partial
ordering on Z induces an ordering on P which is what we considered in Assumption 6-(c).
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dependence restriction, which means that Y is more likely to take on larger values when P increases.
The RTI-1V captures the fact that Y, is more likely to take on larger values when P takes high values
as well, while the LTD captures that Y, is more likely to take lower values when P takes low values
as well. Finally, the PQD-IV suggests that Y; and P are more likely to take large values together or
to be smaller together compare to the case if they were independent. The PQD type of assumption
has been discussed in Bhattacharya, Shaikh, and Vytlacil (2012). The relation between these positive

dependence concepts could be summarized as follows:'*

Affiliated IV = IHRD-IV = MIV = LTD-IV = PQD-1V,

Affiliated IV = IHRD-IV = MIV = RTI-IV = PQD-IV.

The next result shows that all these imperfect IV restrictions can be equivalently written in terms

of restrictions only on the copula Cy, p(.,.).

Lemma 4. Let Y; and P be two continuous variables satisfying Assumption 5, then

(a) P is an affiliated 1V if and only if

¢y, p(x1,x2)cy, p(x1,x5) > cy, p(x], x2)cy, p(x1, X5)

for all (x1,x2) € [0,1] and (x},x,) € [0,1] such that x; > x| and x, > x5, where
9’C , . .
CYd,P(xl, Xp) = # is the copula density.

(b) Pis an IHRD IV if and only if for any x1 € [0,1],
32 log 9Cy, p(x1,%2)

aX2
8x18x2 0

(¢) Pisan MIV if and only if Cy, p(x1,X2) is concave in x for all x1 € [0,1],

82
Cydgif 1) <0. (13)
2

(d) P isan RTI-IV if and only if for any x; € [0,1] and almost all x4,

9Cy, p(x1,%2) _ [x2 = Cy,p(x1,%2)]
dx1 - 1—x; '

(14)

4The proof of those implications can be found in Joe (1997, Theorem 2.3).
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(e) P isan LTD-1V if and only if for any x, € [0,1] and almost all x1,

dCy, p(x1,x2) < Cy,,p(x1,x2)

15
8x1 X1 ( )

() P is an PQD-1V if and only if for all (x1, %) € [0,1]?,
Cy,p(x1,x2) > x1x2. (16)

Proof. See Appendix A.6.

This proposition has a significant practical advantage since it allows us to see how the identified
set for the DMTRs under the STC assumption shrinks with each of the above assumptions. We do not
need to recompute the identified set for the DMTRs for each of these assumptions; instead, we only
have to intersect the set of copulas that rationalize the model under the STC with the set of copulas that
respect the IV restrictions that researchers would like to maintain. Notice that in this layered analysis,
only the copula Cy, p(.,.) is involved. Let us denote by C} the set of copulas Cy, p(.,.) that respect a

given restriction r. More precisely, C5 = {Cy, p(.,.) € C4 such that the restriction r is satisfied }.

Theorem 3. Suppose that Assumptions 1 and 5 are satisfied.

O] = {é €0:Ford e {0,1}, (Cv,v|p, Cy,,p) € Cg x C satisfies Equation (10)

and ¥y € Yy, Fy,(y) = ‘F;I;(IP[Y <y, D=d|P= p])},

where Yy, is the conditioning support of Y|D =d, P = p, forr € {Affiliated IV, MIV, RTI-1V, LTD-1V, PQD-IV}.

Remark 2. While we restrict the statement of Theorem 3 to the restrictions
r € {Affiliated IV, M1V, RTI-IV, LTD-1V, PQD-IV} for the copula Cy, p(.,.), it applies to any type of
restrictions the researcher would like to impose on either Cy, y|p(.,.) or Cy, p(.,.). For instance, the

HV05 identification assumptions, i.e. Assumptions I and 2 impose in our context that Cy, | p(,.) =

CYd,V(" ) and Cyd,p(xl, XZ) = X1X2.

Notice that if we have a sequence of restrictions (11, ..., rj) on the copula Cy, p(.,.) such that r; is

more restrictive than r; for / < j, we have the following: @? c ... C @?. For instance, we have
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@/I\fﬁ“ated VcellVc el c @?QD'IV. An interesting feature of our approach is that the set of
equality restrictions that characterize the identified set does not change with Cj nor CJ. This feature
will ease the computation of the identified set of the DMTRs under different layers of assumptions.
As previously discussed, the identified set for (Pyl, Fyy, Cy, vip, Cy,vips Cxy P, Cyo,p) has a particular
structure that once the copulas are fixed, the marginal distributions of potential outcomes are uniquely
determined. The “size” or “volume” of the projected identified set for (Fy,, Fy,) is then determined
by how many or what kind of restrictions one would like to impose on the copulas. For example, if
we assume Yy L P|V as in HVO05, (Fy,, Fy,) become point-identified, see Corollary 1. If we do not
make any assumptions on the dependence between Y and P, either conditioning on V' or not, then
we obtain the identified set as shown in Theorem 2. If we are willing to take a middle ground on the
“perfectness” of the instrument P or have prior information on the type of selection into treatment,
we can use an analogous version of Theorem 3 that applies to the context and then obtain directly the

identified set that corresponds to it.

3.3. Semi-parametric Identification. The identification results in Theorems 2 and 3 are fully non-
parametric. In this subsection, we will consider an alternative approach by parametrizing the copulas
with a finite-dimensional parameter 6. However, we will leave the marginals fully nonparametric.
From this perspective, we consider semi-parametric identification in this subsection. As discussed
in Chen, Fan, and Tsyrennikov (2006), such a semi-parametric approach has gained popularity in
studying some features of multivariate distributions in diverse fields. It is flexible and circumvents
the curse of dimensionality. It is worth-noting that the copula-based (partial) identification approach
we propose below significantly differs from the one proposed in Chen, Fan, and Tsyrennikov (2006)
and subsequent papers. In their models, all the marginals are nonparametrically (point) identified,
while in our case, the marginal potential outcomes Fy,(y),d € {0,1} are not (point) identified. We

make the following assumption.

Assumption 7 (Parametric Copula). There exists 0 = («°,a',5',5°) € Of x Of X Oy x O =
0 C RT with T < oo such that Cyd,p(xl,xZ) = Cyd,p(xl,xZ;DCd) and Cydlv‘p:p(xl,xz) =

Cy,,v(x1, x2;04(p)) where o4(p) is known up to a finite number of parameters 6%, d € {0,1}.

With this copula parametrization, our key unknown parameters of interest are 6 and Fy, (y),d €

{0,1}. Let F* define the set of continuous CDFs. The mapping ‘I’;/;(IP[Y <y,D=d|P=p];0)
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is now known up to the finite dimensional parameter . The following theorem characterizes the

identified set for 6 = (6, Fy, (+), Fy,(+)) € ® x F¢ x F* under the semi-parametric specification.

Theorem 4. Under Assumptions 1, 5 and 7, the semi-parametric identified set @fp of 0 =
(6, Fy, (+), Fy,(+)) is characterized as follows:

ey = {Ford € {0,1},0 € O satisfying Equation (10),

and for allNy € Y, ,,, Fy,(y) = ‘Y‘;;}(P[Y <y,D=d|P= p];@)}.

If in addition, a restriction t is imposed on the copula Cy, p(.,.), we have then:

e’ = {Ford € {0,1},0 € ©f x ©f x Of x O satisfying Equation (10),

forallVy € YV ,, Fy,(y) = ‘I’;;(IP[Y <y,D=d|P= p];G)},
for v € {Affiliated IV, M1V, RTI-1V, LTD-1V, PQD-IV}.

Remark 3. As Theorem 4 shows, the identification of the infinite-dimensional parameter Fy, boils
down to the identification of a finite-dimensional parameter 0. The sharp identification region of 0 is
characterized by a set of equality constraints, which are easy to work with because they only contain

finite-dimensional parameters and known quantities.

Remark 4 (Specification tests). Recently, there have been an increasing number of papers that
develop specifications tests for the assumptions usually maintained to identify causal effects, see
for instance Kitagawa (2015), Huber and Mellace (2015), Mourifié and Wan (2017), and Kédagni
and Mourifié (2017), etc. Our approach provides a unified way to do specification tests for the
assumptions the researcher is willing to maintain. Indeed, each of the identified sets proposed in
Theorems 2 to 4 can be empty if we cannot find copulas that respects the equality constraints. The
“largest” identified set that imposes the minimum structure so far is the one derived in Theorem 3. If

empty, this means imposing the STC specification for treatment selection is too stringent for the data.
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In Section 4 below, we relax this assumption to allow for multi-dimensional unobserved heterogeneity

in the treatment selection.

3.3.1. Choice of Copulas: Frank copulas. In many applications, it is unknown ex-ante if there
is positive or negative selection into the treatment. In such contexts, it is essential to consider a
comprehensive copula family for Cy, p. Comprehensive parametric copulas are copulas that (i)
approach the countermonotonicity copula (resp. comonoticity copula), i.e., Fréchet Lower Bound
(resp. Fréchet Upper Bound copula) for certain values of their parameters in their permissible range,
(i1) and cover the entire domain between the Fréchet lower and upper copula bounds including the
product copula as special case. Using these copulas, we may test the absence of selection by checking
if the confidence region of 0;(p) excludes the value that corresponds to the product copula, which
corresponds to the independence case. Comprehensive copulas, for instance Gaussian and Frank
copulas, parameterize the full range of dependence. On the other hand, non-comprehensive copulas
such as Farlie-Gumbel-Morgenstern (FGM), Clayton, Gumbel, and Joe copulas, are only able to
capture dependence in a limited manner. In practice, it will be useful to use a different family of
copula to analyze how sensitive the results are depending on the copula parametrization.

In Corollary 2 below, we show how the characterization of the identified set simplifies when

considering the Frank Copula. '
Assumption 8 (Frank Copula). There exists § = (ag,x1,01,5) € @ C RT with T < o such that
CYd,P(x1/x2) — _txid In |:1 + (e*rxdn—l)(e*ocdxz—l)] forag € (—OO, 0) U (0, oo) and

1)
Cyvip=p(¥1,%2) = —hsIn [1+ | fora(p) € (=e0,0)U (0, +e0), d €

(e %Px1_1) (¢~ 7aP)x2_1)
{0,1}, where 04(p) is known up to a finite number of parameters d.

(e—a(P)—1)

Corollary 2. Under Assumptions 1, 5, 6 and 8, the identified set ©3" of § = (6, (Fy,(y) : d €
{0,1},y € R)) is characterized as follows:

1 Ha(y, p,oa(p)) (e —1)
sp o _ o) d\Y, P, 0a\p
Q7 = {Ford € {0,1}, Fy,(y;0) = o In [1 + g Haly, p, Ud(p))(e_"‘dFl’(P) — 1)}
. oH,
and 0 = (ay,6,) satisfies aqfp(p)(1 — Hy)Hy + ¥T3 = 0forall p and y.

510 Appendix C we derive a similar characterization for the FGM copula.
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where

e~ (P Fppllp) _ 1)(e—1(p) — 1
Hl(yzpz‘fl(P)):_i ( )( ):|

(e*lfl(lﬂ)? — 1)

and

(e PFopBOIP) _ 1) (=) — 1)}

Ho(y, p,oo(p)) = 7(p) In [1 + e—0(p) _ g—oo(p)p

and 04(p) is parameterized by 6,: 04(p) = 04(p; 04)-
Proof. See Appendix C.3.

Remark 5. When the function o (or its finite dimensional parameter 6;) is given, &y is uniquely
determined. To see this, fixing an arbitrary y, and then integrating both side of w;fp(p)(1 —
H;)H; + aa% = 0 from p to'p with respect to p gives
_ P 0H,
ogB [{Hd(]/z P,04(P;64))(1 — Ha(y, P,0a(P;64)))} H{p < P < P}} +/ de =0
p
Ha(y, P, 04(P;6a)) — Ha(y, p, 0a(p; 6a))
E | {Ha(y, P,0a(P;00))(1 = Ha(y, P,0a(P;6)))} 1{p < P < p}|

dH,(p)
dp

respect to p. Then é; can be estimated using a minimum distance estimator by inserting pre-

= 0 = —

where (with a abusing of notation) denotes the total derivative of Hy(y, p,04(p;64))) with

estimated p and fp. When inserting the true o4(-) into the right hand side of the above equation,
since Hy(y, P,04(P;04)) = Fy,p(y|P), we have

Fy,p(ylp) — Fy,p(y|p)

N E [P - RpP)I{p < P< 7}

This states that oy is positive iff Y|P =P =psp Yq|P = p for p > p.

3.3.2. Choice of Copulas: Bernstein Copula. We now turn our attention to the Bernstein copula.

More precisely, let’s introduce the following assumption:

Assumption 9 (Bernstein Copulas).

Ki Ly

(i)Cy,vip(x1,%2) = Cy, ypp(x1, x2;0") = KgLa Y Y aiBe_1x,—1(x1)B_1,1,-1(x2)
—1i=1
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Ry S4

(ii)Cy, p(x1,%2) = Cy, p(x1,%2; %) = R4S, Yo ¥ BYBrir,—1(x1)Bs_1,5,-1(x2)
r=1s=1

where B;(u) = [y bii(t)dt for u € [0,1], b;(u) = (Hu'(1 —u)'~", and af; > 0 and p%; >
0 are unknown parameters that satisfy Ky ZlLil lel =1, L ZkKil zxgl =1, 5 Zfil d = 1,
Ry Zsszl tr?s =11

The Bernstein copula a is very useful and an important copula since because of the Weirstrass-
approximation theorem, we known that any copula can be approximated uniformly over [0, 1]? for K
and L; sufficiently large, see Kingsley (1951). Note that in Assumption 9-(i), the parameters ay; do
not depend on P, so it implicitly assumes that the joint distribution of Y; and V depends on P through
the marginal distribution Fy,p. One special case of Assumption 9-(i) is “selection on observable”,
which happens when Ky = Ly = 1, so that Fy, yp = CYd’V‘p(FYd‘p, Fv‘p) = Fy,|p X Fy|p- On
the other hand, if we take R; = S; = 1, then Assumption 9-(ii) implies Fy, p = Cy, p(Fy,, Fp) =
Fy, x Fp. In this case, we have a valid instrument.

In Theorem 7 relegated in Appendix C.2, we characterize the identified set of the DMTR, for
arbitrary fixed values of Ry, Sy, Ky, Ly, d € {0,1}. For sake of simplicity, we present below the
special case where Ry = S; = Ky = L; =2,ford € {0,1} and g(Y) =Y.

Let’s consider the following notations:

Po(p) = (4811 +2(1 — 4B1) Fo(p) ) 4a,

9l (p) = (4B — 1) (4Fp(p) — 2)4ad; + (4B, +2Fp(p) (1 —4B51))2(1 — 4ad)),
Ph(p) = (1285 +6(1 — 4B11) Fp(p)) (1 — 4ay) (481 — 1) (2Fn(p) — 1),
Pha(p) = 24811 — 12(2Fp(p) — 1)*(1 — 4afy),

with 5 (p) = (¥ (p), ¥, (p), i (p), $5(p))’, and

Pho(p) = =2 (4B% +2(1 - 481 Fe(p) ),

ya1(p) = 4(4BT1 +2Fp(p) (1 - 4B11))* — 2(4B11 — 1) (4Fp(p) - 2),
Y (p) = (4887, +24(1 — 4B1,) Fp(p)) (4%, — 1) (2Fe(p) — 1),
5(p) = 8(4B — 1)*(2Fp(p) — 1)%,

16pjease see Dou et al (2016) for this formulation of the Bernstein copula.
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with 94(p) = (94 (p), ¥4, (p), $8(p), ¥4 (p))'. In addition, let's define
¥ = (44,94, 94, v4) and then define the following sets:

1 1
e = {(“%115%11“(1)1/!3(1)1) 10 < afy < 5:0 <ph < 5’ ford e {0/1}}

r= {('yl,'yo) climinf) < 'y}i <limsup )Y, forj € {0,1,2,3}, ford € {0,1}}.

In this special case the identified set of the DMTRs can be characterized as follows:

0 = {(]E[Y1|V =0,P =p;0],E[Yo|V=0,P = p;é]) where

E[Y4|V =v,P = p;6] = ¢{(p) - v + (#3(p) - "),

V6= <1x%1, Bl ady, 5(1)1,71,'yo> € @€ x T such that the following equations are satisfied
2
E[YD|P = p] = (i(p) -7 )p + 3(p) -1 E-
1 2
E[Y(1 - D)[P = p] = (@}(p) - 2°)(1 — p) + (3(p) 1) 5 — Z)}.

Notice that in this special case, imposing a MIV restriction is equivalent to simply restrict the

range of,B‘fl, from 0 < ﬁ‘fl < %to% < ﬁ‘fl < %

Remark 6. Our semi-parametric characterization of the DMTR, identified set using Bernstein
copula — Theorem 7 relegated in Appendix C.2, shows that when Ry = S; = 1 (i.e. the IV is valid),
we have E[g(Yy)|V = v] = ZlLil 0%,b1_1,1,-1(v) and recover the parametric form Mogstad, Santos,
and Torgovitsky (2018) imposed on the MTR. Mogstad, Santos, and Torgovitsky (2018) approach
imposes E[¢(Yy)|V = v] = ZlLil 0%,b1_1,1,-1(v) as a primitive. Here we show that under a valid
IV assumption —Assumption 2, imposing such a structure on the MTRs is equivalent to model the
“selection on unobservables” component of the dependence — Cy VP (x1, x2; ocd)— using a Bernstein
copula of order L. This result has an important practical implication. As pointed out in Sancetta
and Satchell (2004), a limitation of the Bernstein copula is that it cannot be used to model strong tail
dependence behavior. So one might be concerned in using Mogstad, Santos, and Torgovitsky (2018)
approach when there are strong tails dependence. However, our method offers more flexibility in

that respect since we have a complete flexibility in our copula choice, we may consider the Gumbel
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copula that is well suited to capture strong tails dependence or the Composite Bernstein Copula

—introduced in Yang et al (2014), that is comprehensive and also capture extreme tails dependence.

3.4. Implementation and Numerical illustration. We conclude this section with two numerical

examples on semiparametric identification.

3.4.1. DGPI: IV-independence Assumptions fails to hold. Let the marginals be specified as Y7 ~
N(1,1), Yo ~ N(0,1), V ~ U[0,1], Z = P ~ U]0,1], and D = 1[V < P]. We specify the

dependence among (Y, P, V') using Frank copula:

(e_‘xdxl — 1)(3_0‘:17(2 — 1)i|
GRSV
(e=@aPv1 —1)(e=a(P)x2 _ 1)
(e—ad(p) — 1) },

1
Cy,p(x1,x2) = —“—dln [1 +

CYd,V\P(xler}Ud(p)) = _(Td(P) In [1 +

where true parameter values are a1 = 2, 07 = 3, a9 = 0p(p) = 0. In this case, P is not a valid
instrument because a7 # 0. The endogeniety issue exists because Y7 is not independent with V
given P as oy (p) # 0.

To evaluate the PRTE, we follow HVO05 and consider a hypothetical policy intervention where
the new policy “subsidizes” large propensity: if Z > t, D = 1[Z(14+t) =V > 0]; else D =
1[Z — V > 0]. For this exercise, we choose t = 0.2. The true parameter values are given by the
following table:

TABLE 2. True Values of Parameters in DGP1

Parameters | True value
ATE 1.00
ATT 0.94
ATUT 1.06
PRTE 1.42
LATE(0.2,0.5) 0.78

We first demonstrate our main identification result in Theorems 2 and 4. Figure 1 plots the inverse

mapping Tl_,;ly(" p;a,0) as a function of y at different values of p € {0.2,0.3,---,0.8} (each
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FIGURE 1. Plots of ¥ ;(-, p; &, 0) at different values of p and the true Fy, (DGP1)

dashed lines) as well as the true marginal CDF of Y7 (solid red line).17 In the right panel, we use a
false parameter value a; = O (other parameters fixed at their true values). As we can see, when we
set aq at a false value and vary p, the “identified” marginal CDF of Y; varies. This shows that a1 = 0
can not be the true value. In the left panel, we set the parameter value a1 = 2. Now, regardless which
p value that we insert into the mapping ‘I’f ;(-, p; &, 0), its shape remains unchanged and is the same
as the true CDF of Yj. How ‘I’f ; responds to the change of p provides the identification power for
different parameter values. The left panel provides evidence that #; = 0 should not be included in
the identified set, while the right panel suggests #; = 2 should.

Next, we demonstrate how our identification strategy can be operationalized in practice. Let
Pl ={p',p?,--,p'}and Y = {y!',y? - - ,y/} be grid points in the support of P and Y, chosen

by researchers. Define
ka(y, p;ag,04) = ‘I’d’,;(]P[Y <vy,D=d|P = p|;a40y).

As shown by Theorem 4 and illustrated by Figure 1, when parameter are set to be the true values,
kq(y, p; g, 04) is a flat function in p for any value of y. Therefore, the “sampling standard deviation”
of {xs(y, p;aa,04), - ,xa(y, p';a4,04)}, denoted by S;(y; a4, o), must be zero when evaluated

"The inverse mapping Y ; depends on P(Y < y,D = 1|P = p), which we do not have the analytic solution. So we

approximate P(Y < y,D = 1|P = p) using a kernel estimator and a very large sample size.
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at the true parameter values. Hence at the true values, we must have

~

Ld(“dxo'd) = ZSd(yj;zxd,Ud) =0.
j=1

This motivates another representation of (the outer set) of the identified set for 6 = (a1, 01, a9, 0p)
as!8

{6 € ®: Li(ay,01) + Lo(wo, 00) = 0} .

Equivalently, we can represent the identified set for (a4, 07) separately as Ay = {(«,0) : Ly(a,0) = 0}.
Remark 7. The above discussion motivates a set estimator as
Ay ={(0,0): Lyu(a,0) < eu},

where Ly ,, is the sample analog of Ly, and €, | 0 is a tuning sequence converges to zero. In this
numerical illustration, we set &, = cn™' and consider a wide range of constant c. The results are
similar. The specific choice of ¢, and the asymptotic behavior of set estimator A, can be studied
in the general framework of Chernozhukov, Hong, and Tamer (2007). We leave these for future

research.

Figure 2 plots the approximated contour sets of L; and the identified sets.!” The red dot is where
the true parameter value locates. The right panel plots the set of (a1,01) at which Lq(a1,01) is
e-away from its minimal value, where € is a very small constant. Hence, this set can be viewed
as an approximation of the identified set (or its outer set). In this example, for the choice of the
infinitesimal constant €, we can have a singleton as the approximated identified set. This is not
surprising because the parameters are point-identified in this DGP.

Next, we turn to the identified set of treatment parameters that are recovered from the identified

set of the copula parameters. Figure 3 draws the identified set for the MTE (again, it is a singleton

18This set may be the outer set because we only consider finite grid points in p and y.
19Again, because we do not have an analytical expression for L;, we generated a huge sample and approx-
imated L; by its sample analog Lg;,(x4,04) = ij':l §d(yj;ad,0d), where §d is the sample variance of

{Ra(y, p';,04), -+ Ra(y, p';2q,04) }, and
Ra(y, pita, 0q) = ¥y, (PIY <y, D = d|P = p|;aq,04).

with the kernel estimator P[Y < y, D = d|P = p| occurs in the place of the true conditional probability P[Y < y, D =
d|P = p].
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FIGURE 2. Contour set of L1 and Approximated Identified Set (DGP1)

since the identified set for o; and & is a singleton). The red line is the true MTE, and the blue line is
the identified MTE based on our copula approach. The green line what LIV would identify under the
(false) IV-independence assumption. Apparently, there is a notable bias.

Finally, Table 3 compares the treatment parameters estimates using the copula-based approach
vs. the LIV estimand (that assumes the I'V-independence). We consider four different layers of the
IV-related assumption when using the copula-based approach: (a) We impose the IV-independence
assumption, i.e., (a1 = 0); (b) We impose that a7 < 0, this restriction relaxes the IV-independence
assumption but imposes a negative regression dependence between the IV and the potential outcome,
i.e,P(Y; > y|P = p) is non-increasing in p, we denote MIV ~; (c) We assume the MIV assumption
(positive regression dependence); and (d) we leave the dependence structure captured by & entirely
unrestricted. As can be seen, in the two first cases, the copula-based approach can detect that the two
related IV assumptions (IV-independence and MIV ™) are not compatible with the observed data.
In the two latter cases, the copula-based approach can point-identify all our policy parameters of

interests even when the IV is not valid.
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FIGURE 3. Identified Set for MTE (DGP1)

On the other hand, the LIV estimand shows a considerable positive bias for various policy
parameters. Indeed, since the “MTE” identified from LIV has positive bias over most parts of the
unit interval, it is not surprising that the treatment parameters identified under the IV-independence
assumption have a positive bias. To the best of our knowledge, all the empirical papers that have
used the LIV approach have never implemented the specification test related to it; see Theorem 6
in Appendix B. In the case that the I'V-independence assumption is indeed violated, their policy
recommendations could be significantly biased. An advantage of the copula-based approach is that
the identification strategy and the specification tests are implemented simultaneously. So, suppose
the I'V-independence assumption is indeed not compatible with the observed data. In that case, the
copula-based approach will not return a biased estimate but will return an empty set that suggests a

relaxation of the IV-independence assumption is needed.

3.4.2. DGP2: Misspecified Copula. In this subsection, we would like to investigate the copula-based
approach’s performance in the presence of a misspecified copula. We consider a DGP2 in which
the I'V-independence assumption holds, and the observed data is not generated using a Frank copula.
In other words, LIV would correctly identify MTE in this setup, and our copula-based method is
subject to the problem of misspecification. To be more specific, we consider the DGP entertained in
HVO05 (page 683). The true parameter values and those identified from the copula-based approach

are summarized in Table 4.
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TABLE 3. Identified Values (DGP1)

True value Identified by Copula-based Approach LIV
Parameters IV =0) MIV (v <0) MIVf(a3 >0) (41 €R) |
ATE 1.00 Empty Empty 1.00 1.00 \ 1.52
ATT 0.94 Empty Empty 0.94 094 |0.94
ATUT 1.06 Empty Empty 1.06 1.06 ‘ 2.10
PRTE 1.42 Empty Empty 1.42 1.42 ‘ 2.55
LATE(0.2,0.5) 0.78 Empty Empty 0.78 0.78 \ 1.04

TABLE 4. Parameter Values (DGP2)

Parameters \ True value Identified by Copula-based Approach
ATE 0.200 0.200
ATT 0.235 0.248
ATUT 0.157 0.158
PRTE 0.155 0.158
LATE(0.2,0.5) 0.225 0.225

We can see from Table 4 that, while our semiparametric model is misspecified, the copula-based

approach has very small biases. Figure 4 shows why this is the case. In this example, we set the

parameter space for 0y as [—20,20]. In HV05’s example, Y; and V are negatively correlated, and

the correlation coefficient equals —1. For this, our identification approach would push o7 to —co.

In HVO05’s example, Y7 and V exhibits a perfect negative dependence; their dependence structure

is captured by the Fréchet lower bound copula. Since the Frank copula is comprehensive, it could

approximate this specific dependence when ¢ converges to —oo.

In the implementation, the search for true parameters ends at the lower boundary (-20) of the

parameter space of 7. At the same time, the identified values of a1 and ag are close to zeros, which

is also reflected in Figure 4. The & is not exactly zero because it needs to compensate for the fact

that we can not set 07 to —oo. This example shows that even though we consider a semi-parametric
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FIGURE 4. Contour set of L1 and Approximated Identified Set (DGP2)

identification approach, the copula can still be flexible enough to capture the essential part of the
dependence structure among the latent variables.

Figure 5 plots the MTE that we construct based upon the identified (a4, 0;) and the true MTE.
Except at the two boundaries, the semi-parametrically identified MTE is very close to the true
function. Again, the discrepancy at the two boundaries is because we can not set g; as o0 in

practice. However, we should expect a smaller discrepancy when we allow a larger parameter space.

4. EXTENSION: MULTIPLE THRESHOLD-CROSSING MODELS

There are many empirical applications where a model imposing only STC model cannot adequately
model the selection to the treatment. Various examples are given in Heckman and Pinto (2018). In
presence of multiple potential instruments, one way to relax the “strong" monotonicity assumption is
to consider the “AM monotonicity" —in the language of Mogstad, Torgovitsky and Walters (2019),
which can be modelled by considering the multiple hurdle model entertained in Lee and Salanié

(2018). Our approach can be applied to the case where selection into treatment is defined by a
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FIGURE 5. Identified Set for MTE (DGP2)

finite number of thresholds. However, for the sake of simplicity, we will consider the case with two

thresholds.

Assumption 10 (Double Hurdle (DH) model). The selection mechanism is governed by D =
1{Q1(Z2) > V1,Q2(Z) > Vu} for some measurable and non-trivial function (Q1, Q2), where
(V1, V) has a joint continuous distribution over interval [0,1]? with marginal uniform distribu-
tions and are statistically independent of the vector of (Q1(Z), Q2(Z)), i.e. <Q1 (Z2), QZ(Z)> 1
(Vq, Vo).

Unlike in the STC model, Q1(Z) and Q»(Z) are not readily identified from the choice probability
IP(D = 1|Z). Theorem 4.2 in Lee and Salanié (2018) provides conditions under which Q;(Z),
Q2(Z) and the joint distribution Fy, v, (v1,v2) are non-parametrically identified from the propensity
score IP(D = 1|Z). Their non-parametric identification approach requires two continuous “exoge-
nous" covariates that generate all possible values of the thresholds. In our current approach, the
exogeneity refers only to the selection equation, i.e., (Z L (V4,V3)); Z could be correlated with

the potential outcomes. Without loss of generality, we use Z; and Z; to denote those exogenous
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covariates such that Q1(Z) = Q1(Z1) does not depend Z; and Q2(Z) = Qz(Z>) does not depend
on Z1.?° Hereafter, we will assume that the regularity conditions of Lee and Salanié (2018, Theorem
4.2) are valid and that Fy, v, (v1,v2), Q1(Z1), and Q2(Z;) are identifiable from the data. To ease the
notation, we will write V.= (V3, V,) and Q = (Q1, Q2). In the presence of multiple unobserved

heterogeneity in the selection mechanism, we define the DMTR as follows:

DMTRY(v,q) = P[Y; <y[V=v,Q =q] = Fy,vo(ylv.q),

forv € [O, 1]2, qe€ Q1 x 9 andd € {O, 1}. First, we can show that all conventional policy
parameters can also be written as a weighted average of the DMTRg even in the presence of multiple

thresholds. Before doing so, let’s introduce the following assumption:

Assumption 11 (Conditional Policy Invariance). Y§,|V”/, QY ~ Y§|V®, Q" with V7 ~ V and
YS ~ Y7 fora #d'.

We have the following results for the double hurdle model.

Theorem 5. Suppose that Assumption 10 is satisfied, then
(i) MTE(v) = [, fo(a)DMTE(v, q)dg;
(ii) For any s € {ATE, LATE(u,0’), ATT, ATUT}?" and weights w®(v, q) listed in Table 5 below,
we have
s = /v / w®(v,q)DMTE(v, q)dvdq. (17)
(iii) If in addition Assumption 11 ho?ds, Equation (17) holds with s = PRTE.
(iv) If in addition, Lee and Salanié (2018, Assumption 4.2) holds, then all the weights w®(v, q)

are point identified.

Proof. See Appendix A.7. O

Remark 8. In presence of valid IVs, i.e. (Z1,Z2) L Y;|V our weights w*(v,q) for any s €
{ATE, ATT, ATUT, PRTE} collapse to the weights proposed by Lee and Salanié (2018) for the DH

20For the entire list of requirements please see Assumption 4.2 in Lee and Salanié (2018). They also discussed identification
under weaker conditions.

21 Here LATE (u, u’) represents the average treatment effect for the group of compliers when P is externally changed from
utou’: LATE, (u,u’) = E[g(Y1) — g(Yo)|ur < Vi < uf,up < Vo < ujp).
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TABLE 5. Policy Parameters and DMTE in the multiple thresholds case.

Parameters \ weights w® (v, q)
ATE fal@)fv(v)

fQ(‘l)fV(V)l{ve[O,q 1x[042]}
ATT E[R(Q)]

fo() v (V)L ivg(0,41%(0,40]3
ATUT E[1-Fy(Q)]
LATE(u’u/) fQ(q)fV(v)l{ve[ul,ull]X[liz,llé]}

Fy (ve g, uy] x (3] )

PRTE oo (0)—fae (@)l fve (V) Livefog)x0g,])

E[Fy (Q*)|—IE[Fy (Q%)]

model. If in addition both V and Q are scalar-valued random variable, then the weights in Table 5

reduce to the weights in Table 1.

Notice that LATE, (u,u’) = E[g(Y1) — g(Yo)|u1 < Vi < uj,up < Vo < uy) is a generalization
of the LATE defined in Imbens and Angrist (1994) when the selection into treatment is defined by
two thresholds. This type of parameter has recently received attention from empirical researchers,

e.g. Arteaga (2018).

Assumption 12. The joint distribution of (Y, V, Q) is absolutely continuous respect to the Lebesgue

measure.

Lemma 5. [Vine Copula] Under Assumptions 10 and 12, for d € {0,1} we have for eachy € Y
and q € Q1 X Qy,

0
Fy,j0,(ylq1) = aTCZCYd,Ql(xLJCZ) = kg, (g (P (¥)), (18)

x1=Fy, (y).x2=Fg, (7:1)

0
Fyolylq) = aTZCyd,QﬂQz:qz(xl/xz) = C}i{FQl‘Qz(FYﬂQl (vlq1)), (19)

x1=Fy,jo, (Y|91).x2=Fq, o, (41]92)

0
= cih. (Fy,0(vlq)), (20)

FYd\Vz,Q(y\UZ/Q) = aTczCY"”VZ‘Q:q(xLXZ)

x1=Fy,|o(ylq),x2=02

d
Frav.aWlv,Q) = 5-Cr,vijva=es@=a (31, %2) 1)

4
x1=Fy,|v,,0(¥[02,q) x2=Fy v, (v1]02)
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and there exists monotone mapping Y1 q and Y q such that for eachy € Y and q € Q1 X Q,

PlY <y,D=1|Q = q] = ¥1,4(Fy, (v)), (22)

and
PlY <y,D =0|Q = q] = Yoq(Fy(y)) (23)
where the expressions for ¥ 3 q are collected in Appendix A.8.

Proof. See Appendix A.8. ]

Given Lemma 5, the identified set for DMTR or DMTE can be constructed as in Theorems 2 to 4.

5. DISCUSSION AND FUTURE WORK

This paper shows how to use the MTE framework to perform the layered policy analysis when the
potential I'Vs are not necessarily valid. We focus on the case where the propensity score is continuous,
as assumed in HVO05. While this condition is easier to be satisfied since we allow for imperfect [Vs,
there are empirical applications in which all potential IVs are discrete. In the follow-up research, we
will extend our framework to incorporate discrete propensity score using the sub-copula approach
we entertained in Appendix A.9. Finally, this paper focuses on population-level analysis. We briefly

discuss estimation and inference in Section 3.4 and leave the complete analysis for future work.
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APPENDIX A. PROOFS OF RESULTS IN THE MAIN TEXT.
A.1. Proof of Theorem 1. It is easy to see that

MTEy(0) = Elg(11) ~ 00)[V =) = [ fo(p)DMTEy(o, p)ip,

and
ATEg; = E[g(Y1) — / / fp ) DMTEg (v, p)dpdo.
wATE (v,p)
Regarding LATE,
N = / 1 fp(p 1{u<v<u }
LATEg(u,u’) = E[gV1) —g(Yo)lu < V < ] / / DMTEg(U p)dodp
wLATE(u u (‘D P)

For ATT, we have

ATT = [ Els0) ~ 06)ID = 1P = pldFp_1 ()

—/ E[g(Y1) —g(Yo)|V < p, P = pldFpp_ ( /o / §(Yo)|V =0, P = pldvdFp p_,(p)

_ 4 _ fe(p)Ho < p}
=, ;/0 DMTE(v,p)dvmfp(p)dp—/ / DMTE(v,p)dz;PIP(Di_l) P

_/ / fe(p ]I}ZH’J]<P} DMTE(v, p)dvdp,

wATT (U,p)

-’

where dFpp_; (p) = ﬁfp(p)dp by Bayesian rule and P(D = 1) = E[E[D|P]] = E[P].

Following the similar derivation as ATT, we can show that

ATUT, = [ Elg(1) ~ (00)[D = 0,P = pldFpip_o(p)
= / / fe(p)1{o > p} l{v > ph DMTEg (v, p)dvdp

wATUT(v p)

Concerning the PRTEg, under Assumption 1 only, we have:

Blg(r")) = [ Blg() P = pldFny) = [ EI(GOT) — g0G)D" P = pldFpy) + Blg(1g)
= /; /: Ho < p}fpo(p Elg(YT) — 8(Yg)|V* = o, P* = pldpdo + E[g(Yg)]

- /(;l /01 {v < p} fpa(,) DMTEg (v, p)dpdo + E[g(Yg)]
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Since we have DMTE? = DMTE{ and ]E[g(Yg/)] = E[g(Y{)] under Assumption 4, then under both Assumptions 1

and 4 we have:

, 1 1
Elg(r") ~g()] = [ [ fpe () ~ fin(p1{v < p)DMTEL (v, p)apo

Therefore,

v e (p) = fap o < p}
PRI, = [ PMTE (0 p)dpde,

wPRTE (th)

A.2. Proof of Lemma 2. To show Equation (6), note that first that

9*Fy, p(t1,t2) 9?Cy, p(x1,%2)
frpy.p) = W\tl —yb=p = W|x1:Pyd(y),x2:Fp(p)de(y)fp(p)

Therefore,

Foplp) = [ fupipiae= [ fyj’ii((b)wdt

92Cy, p(x1,x
gixllaxi 2 ‘X1 =Fy, (t),x2=Fp(p de( )fP( )dl’ B aCyd,p(xl,XZ)
- / fr(p) - 9%y |x1 =Fy, (y),x2=Fp(p)

= carp(p) (B, (v)),

where we write the RHS as ¢  , () (Fy, (v)) since the RHS depends on y only through Fy, (y) and the mapping cg r, ()
depends on the joint distribution of Y,; and P. Note that for any given p, both Fy,|p(y|p) and Fy, (y) are strictly increasing

in y. Therefore, the mapping ¢, r, () (+) is strictly increasing and we can express

Fy,(y) = CJ,}:P(,,) (Fyd\P(]/W)) . 24)

To see Equation (7), note that

PCyvip(x1,22;p)

o aylonp) = Fravip@olp) _ —ovom lvi=Fy, (y1p) x2=Fyyp (olp) Sya P (YD) fr (0] P)
YalV.P fvip(vlp) fvip(vlp)
_ &Cy,vpp(x1, %2 p)
— 33198 i =Fy, (y1p) 22 =Fypp (ol p) fya P (VIP)

Therefore,

Yy
Fyvplep) = [ gy pltlo )t

dCy, y|p(x1,x2; p)
=Ry, (tp)xa=Fy p(olp) fry p (Elp)dE = ————— o5 v =Fy, (y]p) xa=0

/y OCy,v|p(x1,%2;p)
ax18x2
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where again we use Fyp(v|p) = v.

At last, we consider Equations (8) and (9). Suppose d = 1

P[Y <y,D=1[P=p|=P[Y1 <y, V < p|P = p] = Cy, yip(ci,r(p) (Fr, (), P; P)

where we inserting Equation (24) to obtain the result. As discussed earlier u — ¢y p,(p) (u) is strictly increasing and
x1 + Cy, yip(x1,x2; p) is also strictly increasing, therefore u — Cy, y|p—, (Cl,Fp(p)(”)' v; p) = Yy,p(u) is strictly

increasing. For d = 0,

PY<yD=0[P=p|=PYo <y V>plP=p|=P[Yo<ylP=p] -PYo <y V < p|P=p]
= 0,5 (p) (Fxo (V) — Cy, vip(Co, 0 (p) (Fro (W), Pi P) = Yo, (P, (v),

where the mapping TO,p(“) is strictly increasing in u because the left hand side of the equation above is strictly increasing

in y (by the definition of conditioning probability), and Fy, (y) is strictly increasing in y.

A.3. Proof of Theorem 2. Let P(Y < y,D = d|P = p) be the distribution of observables. It is apparent from
Definition 1, (Cx V| Ps Cy,,p, F;) satisfy Equations (8) and (9), then they can rationalize the data and model; on the other
hand, if (CYd,V\ p»Cy,,p, Fy) are the true model parameters, they they must connect with the implied data distribution
through Equations (8) and (9). In this sense, the set defined in Definition 1 is sharp.

To verify the set defined in Theorem 2 is also sharp, it is sufficient to show that Equations (8) and (9) and Equation (10)
in Theorem 2 are equivalent. First, it is straightforward to see that Equations (8) and (9) imply Equation (10). Second,

suppose Equation (10) hold, that is, Y UPY <y,D=d|P= is flat in p and only varies as a function of y. Note that
dp y P p Y

9Cy, p(x1,X2)

9% are imcreasing

under Assumption 5, Fy, and Fp are continuous and strictly increasing, and both Cy, v p and
in their first arguments. Therefore, ‘I’;; is strictly increasing in y by construction.

Next from the definitions in Equations (8) and (9) we know that for any p > 0

P =Cy,vip=p(Lpip) 0=Cy, vip—p(0,p;p),

and

1=cipp)(1), 0=cgp(p(0)
Therefore it is easy to see that ‘I’;;(]P[Y < —00,D =d|P = p]) = ‘I";;(O) = 0and ‘I’;;(]P[Y < oo,D =d|P =
pl) = ‘I’;;(]P[D = d|P = p]) = 1. This says that ¥~ (IP[Y < -,D = d|P = p]), as a function of v, is a valid

distribution function, which we can choose as the counterfactual distribution Fy,. This completes the proof.

A.4. Proof to Corollary 1. We take d = 1 as an example; the case for d = 0 is similar. Suppose for simplicity the
mapping ¥~ is differentiable with respect to p, and all inverse functions below are properly defined. Then the restriction
is equivalent to
o{¥1(P[y <y, D=1/P=p])}
op
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On the other hand, P L Y1|V and P L V implies (Y1, V) L P. By the definition in Equation (8), the mapping Y1, then

reduces to the following simple form:

‘}rl,p (FY1 (y)) = CYl,V (FY1 (y)/ p) -

Let Ci 11/1,V(" x7) be the inverse of Cy, v (-, x2) with respect to the first argument, then,

. o{¥i ) (Ply <y,D=1|P=p])} ) o{ciy v (Ply<y,D=1P=plp)}

op op
—1
_ Ciyy <% xz) AP[Y <y,D=1|P = p]
=y lverveyp=ipeplap 3
—1
BCLYI,V (y, xz)
+ 9%y y=P[Y<yD=1|P=p].x2=p
This implies
BC;}l,lyv (y,xz)
OP[Y <y,D =1|P = p| _ — 5 ly=Py<y,D=1|P=p]1,=p
ap acy }(1,‘, <y,xZ
ay ly=Ply<y,D=1/P=plx2=p

B dCy, v <x1, xz)

= T‘m:lﬁ(y),xz:p = ]P[Yl < y|V = P]/

where the first equality solves the previous displayed equation, the third equality is due to the definition of a copula and
V ~ U][0,1]. For the second equality, note first that C;- \],1 v (Cy,,v(x1,x2),x2) = x; and differentiate both sides with

respect to x yields

3C1_,11/1,V (Cyl,v(xlfxz)/b) . acl_,ll/hv (Cyl,v(xlfxz),xz) Cy, v (x1/x2>

0x7 oy dx7

=0,

then the second equality holds by noticing Cy, v(Fi(y),p) = P[Y < y,D = 1|P = p| under the independence

Assumption 2.

A.5. Proof of Lemma 3. (i) and (ii) hold obviously, in which cases P(Y; < y|P; = p1) = P(Y; < y|P; = p})
for all y, p; and p’l. To see (iii) holds, note first Yy9|Va = vy =fsp Yy1|Va = v, implies Hy(-) is an increasing
function. Since P[Py = p} =fsp P2|P = py, it follows that Ep,p _,, [Hy(P2)] — Ep,|p,=p; [Hy(P2)] < 0. Therefore,
P(Y1 < y|Py = p1) —P(Y1 < y[P = py) < Oforany p} > py, thatis, Yy[Py = p1 =fsp Y4|P1 = pj for any
Lz P O

A.6. Proof of Lemma 4. For Property (c) see Nelsen (2007, Theorem 5.2.10). For Properties (d) and (e) see Nelsen
(2007, Corollary 5.2.6).
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Properties (a) and (f) are obvious. For property (b), note first that Fy,p(y[p) = %}W and fy, p(ylp) =
92
—Cyd’Pgiylda(i)'Fﬂp ) fv, (). Therefore,
Cy,p(Fy, (v).Er(p)) 9Cy, p(Fy, (v).Fr(p))
fapWlp) _ —"nay, — fu(y) _ dlog Wf ()
Fy,p(y[p) 9Cy,» (Fy, W) Fr(p)) ax %Y
aXZ

If P is an IHRD 1V, then % is non-decreasing in p for all y. Since fy,(y) > 0 and Fp(p) is increasing in p, it is

aCYd/P(ilfxz)
equivalent to say TBQ is non-decreasing in xp.

A.7. Proof of Theorem 5. under Assumption 10 we have: fgv(q, V) = fo(q)fv(v), this latter equality will be directly

used in all the derivations below. For (i) to (iii) we have:

MTEy(v) = E[g(¥;) — g(¥o)|V = v] = /q fo(q)DMTE,(v,q)dq

ATE; = Elg(V1) — (%)) = | / fo(a)fv(v) DMTEq(v, q)dqdv

wATE (V q>

LATEg(u, u') = E[g(Y1) —g(Yo)|ur < Vi <uf,up < Vo < uh)

1 /
:/ / fo@)fv (V)1 veuux [uz/,uz]} DMTE, (v, q)dqdv
vilq Fy(v e [ug,uf] x [up,ub])
wLATE(uu’) (v,q)
For vector a and b, let a < b denote “component-wise smaller or equal to”. Then,
ATTy = [ Elg() ~(06)ID = 1,Q = aldFg)p-1(a)
= /]E (Y1) —g(Yo)|V < q,Q = q]dFgp-1(q)
= [ o Els0) ~ 001V = v,0 = aldFg p )
v)1l
= / / fola fV Miveloaxom) DMTE,(v, q)dqdv
Fy(Q)]
wATT(v,q)
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fola)Fv(q)
P(D=1)

derive the ATUT weights as follows:

where dFgp—i(q) = by Bayesian rule and P(D = 1) = E[E[D|Q]] = E[Fy(Q)]. Likewise, we can

ATUT, = | El3(1) ~5(0)ID = 0,Q = aldFop-o(a)

)1
- / / (VI Liveiog) <002 DMTEq (v, q)dqdv

E[l - Fv(Q)]
wATUT(V,q)
Concerning the PRTEg, under Assumption 10 only, we have:
E[g(Y / E[g(Y")|Q" = qldFq:(q / El(3(Y]) - g(¥$))D*|Q" = qldFq: (q) + E[g(¥E)]

= /v /q Livelog)x[0g} for (@) fve (VE[R(YY) — g(Y5)|V* = v, Q" = pldpdv + E[g(Yy)]
= [,/ Mvetoan<iogs for (@) v () DMTEgdqv + Bl ()
Since we have DMTES = DMTES, fys = fye, and E[g(Y{ )] = E[g(Y§)] under Assumption 11, then under both

Assumptions 10 and 11 we have:

Bls(r") ~ 500 = [ [ fqr (@) ~ for (@)Ave (V)1 veing gy PMTEgddady

Therefore,

42}
PRTE, = / =~ DMTEgdqdv.

v

/ [an’(q)_fQ“( )]fV"( )1{VE [0,41] %[0
a E[Fv(Q")] — E[Fv(Q")]

wPRTE (V,q)

For (iv): Q1(Z1), Q2(Z1) and Fy(v) are shown to be identified in Lee and Salanié (2018, Theorem 4.2). The
remaining point that we need to show is that the joint distribution Fg(q) is also point identified. Indeed, we have for

Z = (Z4,7Z3),

Fo(q) =P(Q1(Z1) < q1,Q2(Z2) < q2)

=P(Z1 < Q7 (1), Z2 < Q5 (q2)) = Fz(Q1 '(91), Q5 (42))

where the joint distribution Fz(.,.) is directly observed from the data. The invertibility of Q; and Q> is ensured by Lee
and Salanié (2018, Assumption 4.2).

A.8. Proof of Lemma 5. Equations (18) to (21) are direct applications of Joe (1996, Property 2), with some simplifications

due to the fact that Assumption 10 imposes that V L Q.
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Next we prove Equation (22). Givend =1,y € V,and q € Q1 x O»,

PY<yD=1Q=q|=PY1 <y, V<qQ=q]=PY1 <y, V1 <q1|V2 < 72,Q=q|p2
q2 "q2
:/0 Py <y, Vi < q1|Va = 02,Q = qldFy,g(v2]q) :/0 PY; <y, Vi < q1[V2 =12,Q = qldvy  (25)

For a given vy, the integrand P[Y; <y, V1 < q1|V5 = v, Q = q] can be handled in a similar way as in the STC case:

PlY; <y, V1 <q[Va=1,Q=4q] =Cy, ,jn,0 (Fyl\vz,Q(y\szQ)/Fvl\vz,Q(ﬂll\Uz, q); 2, Cl)
=Cynwna (C{,szz(Fyl\Q(y\‘l))/Fvl\vz(ql\Uz);vz, q) =Cy, vi»0 <C{szz o C{,IFQHQZ (Fy, 10, W|71)), Fyy v, (91]02); 02, q)

111 11 I . W
= Cy, 1i|12,0 (Cl,zzz © C1,Eg, 10, © €1 Eg, (a1) (i (1)), Fua vy (a1]02); 02, c1) =Y1q(Fr,(y),v2). (26)

where the equalities hold by Equations 18, 19, and 20 and the assumption that Q _L 'V, and the “o” denotes composite

I 111

functions. Since for every y, q, and vy, the functions ¢*, ¢** and ¢*** are monotone, and CYl,Vl|V2,Q is also monotone in its

first argument, then it follows that for each giveny € Y and q € Q1 x Oy,

q2
PY<yD=1Q=q]= | ¥14(F(y) v2)dv2 = ¥1,4(Fy, (¥))
is also a monotone function in Fy, (y).

Remark 9. If there was no Vs, and Q», that is, if the model is single threshold crossing model, then we would not have the
additional integration in Equation (25), and we do not need to use the two layers of vine-copula operation M gnd ¢! for

Vo and Q», respectively. In this case, the expression for ¥1,q exactly reduces to the expression for ¥1 , in Lemma 2.

For the case of d = 0, note that

PY <y D=0[Q=q] =P <ylQ=q] -P[Yo <y, D=1[Q = q]
q2
= el 00 © bty ) Fro(0)) = [ Foq(F (1), 02)dd02 = Foq(Fr (),
where ‘T’g,q is defined in the same way as ‘T’l,q with index “1” being replaced by “0”.

A.9. Discrete Outcome Variables. In this subsection, we drop Assumption 5 and show how to extend Theorem 2 to the

case of discrete outcome variables.

Assumption 13. The joint density fy p)|y, (v, ply)of (V,P) given Y; =y, d = 0,1, exists and is positive for all
(v,p) € [0,1] x[0,1) and ally € ¥ = {y1,Y2,- - ,yx}. Without loss of generality, assume the set ) is ordered:
yi <ygforj <Ll

Assumption 13 says that the marginal distribution of Y; has finite support. Furthermore, the joint support of (Y, P, V)
is “rectangular”. Let Ty = {Fy,(y1), Fy,(y2), - -, Fy,(yk)} be the set of values that Fy, can take. Similarly, defined

T = {Fy,;p(v1lp), Fy,ip(y2lp), - - -, Fy,|p(yk|p)} be the set of values that Fy,|p(-|p) can take for each given p. Also
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define 'GDP ={P(Y <y1,D=d|P =p), -, P(Y <yk,D =d|P = p)}. Again, let Cy, y|p—, and Cy, p be the
true copulas that generate the data. By Sklar’s theorem, they must be strictly increasing in the first argument over 7:;7 and
T4, respectively. Let C;Zl,bVl pp and C;’d‘,bp be two sub-copulas that coincide with the true copulas Cy, y/p—, and Cy, p
over po and 7, respectively.

Lemma 6 (Vine Copula). Under Assumptions I and 13, for eachy € ),

0
F. = —C#b(xq, =cuh (F , 27
Yap(lp) o v, p(x1,%2) 1y () a—Fo(p) car(p) (Fra(v) 27
0
F o,p) = —Cb  (xq,x (28
Yd|V,P(1/| P) dxy % ,VIP—p( 1%2) x1=Fy,p(ylp)x2=0 )
Also, for each given p, there exists strictly increasing mappings Iy - Ti— '7'de such that
P[Y <y,D = 1P = p| = T1,,(Fy, (1)) = G o, (42, ) (B ) i), 29)
— b b b
PY < y,D = 0[P = p] = Fop (B (1)) = G ) (Fry (1)) = Gty (G828 ) (s @) (BO)
That is, the observed probability P[Y <y, D = d|P = p] depends on y only through Fy,(y).
Furthermore, fixing p, let F‘Sl;l) be defined as
-1
V() = {ue Ty Tgp(u) =},
(-1) L Dp
then T ; p (t) is singleton for any t € T, 7. Furthermore,
-1 -1
VP <y, D=d|P=p)) =T} ) (P[y <y, D=d|P =), 31)
Finally, the identified set is characterized by
O = {5 €0®: Ford € {0,1}, (Cy,vp, Cy,,p) € Cg x Cq who admits subcopulas satisfying Equation (31)

andVy € Y, Fy,(y) = T;;”(IP[Y <y, D=d|P= p])}.

Proof. First, we show that Equations (27) and (28) hold. By the Sklar (1959)’s theorem we known that there exists a copula
Cy, p(x1,%2) such that P(Y; <y, P < p) = Cy, p(Fy,(y), Fp(p)). Note that the copula Cy, p may not be unique, but

the subcopula C;’:hp, which defined on 7; x [0, 1], is uniquely determined. Then

P(Y; <y P<p+d)-P(Y; <y P<p-9)

Fy,p(ylp) = lim P(p—6<P<p+o)
_ fim Cy,,p(Fy,(y),Fp(p+6)) — Cy, p(Fy,(y), Fp(p —9))
550 Fp(p+90) — Fp(p—9)

d
= =—Cy, p(x1,%2)

dx2 x1=Fy, (y),x2=Fp(p)
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where by Nelsen (2007, Theorem 2.2.7) the partial derivative %Cyd/ (x1, x2) exists and is non-decreasing for almost
all x1 on [0, 1]. Because C@” 7> coincide with Cy, p over T x [0, 1], we must have ax Cy,p(x1,%2) = 55 CS“b p(x1,%2)
for any x; € 7; and xp € [0,1]. Furthermore, a‘?{ C b (xl, x7) must be strictly increasing in the first argument over
T4 because aiszyd,p(xl, x;) is. This verifies Equatlon (27). Similarly, for almost all x; € [0, 1] there exists a partial

ot D osub - ; :
derivative szCYd,V| P(xl, x7) that is non-decreasing x1 such that the following holds

d sub

b
Y a X Y,,V|P= p(x1/x2)

d
Fy,jvp(ylo,p) = 2Cyd vip—p (X1, %2)

x1=Fy, p(ylp).x2=Fy|p(v|p) x1=Fy,p(ylp)x2=0
where the last equality holds because Fyp(v|p) = v. This verifies Equation (7).

Now, fixing y, ford =1

Py <y,D=1|P = p] =P[Y; <y, V < p|P = p] = C}'y p(Fy, p(ylp), pi p)
= C8 b (e ) (P ), i),

sub

where the last equality holds by using Equation (27). As discussed earlier, over 7, u +— CLE(p)

(u) is strictly increasing,
p ) v ~ ) =
and over 7, x1 — CY! le(xl, Xp; p) is also strictly increasing, therefore 1 — Cy, v|p—,, (cl/pp(p) (u),p; p) =Yp(u)

is strictly increasing over 7. Similarly, for d = 0, then

PlY<yD=0[P=p|=P[Yo <y, V>plP=p =P[Yg<y|P=p]-PYg <y, V < p|P=p]
= &5t () (Fro ) = G5 (58 ) (Fro (1)), P P) = Top(Fry (1)),

where the mapping Folp(u) is strictly increasing in u over 7; because the left hand side of the equation above is increasing
in y over ) (by the definition of conditioning probability), and Fy, (y) is increasing in y over V. Because Iy, (u) is
strictly increasing over 7, its inverse, as a subset of 7;, must be a singleton. In the next step of the proof, we will show
that the identified set is characterized by Equation (31). To verify the set defined in Theorem 2 is sharp, it is sufficient
to show that Equations (29) and (30) and Equation (31) are equivalent. It is straightforward to see that Equations (29)

and (30) imply Equation (31), we will verify the reverse.
Take a pair of candidate copula functions CYd,V\ P=p and Cy, p (that respect the support condition) and suppose their
subcopulas satisfy Equation (31), that is, Ffi;l) (P]Y <y,D =d|P = p]) isflatin p for any y € ). Note by construction
(-1

and the definition of copula, I dp is strictly increasing in y over ) by construction.

Next from the definitions in Equations (29) and (30) we know that because 1 € T and 1 € 7;,p, we have

D) = cpp M) =1 % -, (Lpip) = Cyyp=p(Lpip) = p = T, (P[Y <y, D =1|P = p]) =
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Also,

sub

) (Fr (1)) = e1 () (B (1)) > 0, G4 o, (Fyy p (1 1p), P3 P) = Cy, vip=p(Fy p(n11p), pip) > 0
= I, (P[Y <y1;,D=1P=p]) >0,

This says that I'; ;(]P[Y < .,D =1|P = p]), as a function of v, is positive, strictly increasing, and no bigger than 1 over
the set ). Therefore, it is valid distribution function for a discrete random variable that takes values from )/, which we can

choose as the counterfactual distribution Fy,. Similar argument applies to Fy;. This completes the proof.

APPENDIX B. TESTING MTE ASSUMPTIONS

B.1. Testable Implication.

Theorem 6 (Sharp characterization of the MTE assumptions). Letr Y, D, Y1, Yy, P(Z) define a potential outcome model
Y = Y1D + Yo(1 — D). (i) If Assumptions 1 and 2 hold, then for all y,y' € Y, P(y <Y < y/,D = 1|P = p) and
—P(y <Y <y',D =0|P = p) are non-decreasing in p for all p € P. (ii) If forally,y' € YP(y <Y <y',D =
1|P = p)and —P(y < Y <y',D = 0|P = p) are non-decreasing in p for all p € ‘P, there exists a joint distribution of
(V, Y1, Yo, P(2)) such that Assumptions 1 and 2 hold, and (Y, D, P(Z)) has the same distribution as (Y, D, P(Z)).

Proof. Theorem 6-(i) is a direct application of HV05 testable implications where G(Y) = 1{Y € [y,y']} fory < v/
P (y<Y<y',D=1|P=p)
ap

We show (ii) is true. We will assume that is continuous over the set of limit points of P. First, we

construct V and D as follows:

P(V<tP=p)=t Vte[0,1] and Vp € P. (32)

D =1{P(2) > V}. (33)

Note that by construction, Assumption 1 is satisfied. Let L(P) be the set of limit points of P, L°(P) be a set of interior
point of P, and C(P) be the closure of P. Furthermore, let I(P) = C(P)/L°(P) be the complement of L°(P) in the
closure of P. So I(/P) also contains isolation points. Note that L°(P) can be written as a union of countable or finite
exclusive open intervals: L°(P) = U]].:1 (aj, bj), where (aj,b;) C P, bj < aj;1, and ] can be infinity. Let 3(P) be a

collection of intervals belonging to (0, 1] defined as follows:
QP)={(p.p]:p.p € (P)U{0,1} and #p € P, suchthatp < p < p'}.

Then we again knows that () contains a generic element (ck, di], where ¢, dy € I(P), dy < cxy1,.k=1,2,--- ,K with
K possibly taking co. Note that with above notation, for any v € (0, 1], v must belongs to one of the following categories:
(i) an element of L°(7P) so that v € (a;, b;) for some j, (ii) v € L(P)/L°(P), and (iii) there exist an integer k such that

v € (¢, di). The following figure illustrates the partition of the unit interval.
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|—.—0—0————0—0_.—|

0 pr P2 ps3 Ps Ps DPe p7; 1

FIGURE 6. An illustration: P = {p1,p2, ps} U [p3, pa] U [pe, p7], L°(P) =
(p3, p4) U (pes, p7), and Q(P) = {(0, p1], (p1, p2), (pa, psl, (ps. psl, (p7,1]}.

Next, we propose the following distribution for Y|V, P. For any arbitrary p € P and v € (0,1], we define

IP(Y <y,D=1|P=t)|j—p ifve L°(P)

P(Y1 <ylV=0vP=p) = {limsso SP(Y <y,D=1|P=1)|=5 ifve L(P)/L(P)
POy DIP=l) POSyD=IP=4) gy ¢ L(P) but o € (cr, di] € Q(P).

~2P(Y<y,D=0P=t)|;—y ifveL’(P)

P(Yo<ylV=0P=p) = {—limy,, ZP(Y <y,D=0[P=1t)|—s ifv e L°(P)
POy D=0P=e) “PUyD=0P=d) ity ¢ [2(P) butv € (ci, dy] € Q(P).

Note that the conditioning on V = v, the distribution of Y; does not depend on P. Hence, Assumption 2 is satisfied by
construction.
We now show that the distribution function constructed above is well defined. We focus on P(Y; < y|V =9, P = p)

and the verification for P(Yy < y|V = v, P = p) is analogous.

() P(Y; <y—e€|V=10,P=p)=0forall v € [0,1] and for any arbitrarily small e > 0. To see this, suppose
v ¢ L(P), then there exists [cx, di] € Q(P) such that v € (cy, dy], therefore,

P(Y<y—-eD=1P=d;)-P(Y<y—¢D=1[P =) 0—0

dj — ck Cdg—cx
On the other hand, if v € L°(P), then P(Y <y —¢,D = 1|P = %) = 0 for all ¢ in a small neighborhood of v,
which implies a%]P(Y <y—¢€D=1|P=0v)=0. The case that v € L°(P) follows straightforwardly.
) P(Y, <y|V=0,P=p)=1 First,ifv € L°(P), then P(Y <y, D=1|P=0v) =P(D =1|P =0) =
v = ;—UIP(Y <7%,D =1|P =v) = 1. On the other hand, if v ¢ L(P), then

P(Y, <y|V=uv,P=p)

o IP(YS?,D:1‘P:dk)—IP(Y§y,D:1‘P:Ck) o dk_ck -1
p—p di — ck
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(3) P(Y; < y|V =0, P = p) is nondecreasing in y. For y < i’ we have

P(Y; <y |[V=0P=p)-PY1 <ylV=0P=p)=

IP(y<Y<y,D=1P=t)[—o >0 ifve L°(P),

limso SP(y <Y <y,D=1P =1t)[;—5 > 0 ifv e L(P)/L°(P)

P(y<Y<y' ,D=1|P=dy)-P(y<Y<y',D=1|P=cy)
k—Ck

>0ifv ¢ LO(P) butv € [cr, dy] € Q(P),

where the last inequalities hold whenever the testable implications hold, i.e. P(y <Y <y/,D = 1|P = p)
is a non-decreasing function for all p € P and all y < 1/, and by the continuously differentiability of

Py <Y <y,D=1|P = p)over L(P).

Finally, we show that (V, Yy, P(Z)), d € {0,1} is observationally equivalent to (V, Y, P(Z)) d € {0,1}. For this,
we show that the joint distribution of (Y, D, P(Z)) is the same as the joint distribution of (Y, D, P(Z)). Take an arbitrary
z€ Zandletp = p(z) € P.

Suppose first p ¢ L°(P), then (0, p] can be expressed as unions of exclusive intervals (U]I’; (aj, bj)) U (UK ek, di))

for some [* and K*, where (a i bj)s are connected subsets of P. Therefore,
~ - ~ . p ~ .
P(Y<yD=1P=p) =Py <y, V <plP=p) = [ P(Ti <y|V = 0,P = p)do
JO

" b . K d . .
zz/ﬁpm §y|V:v,P:p)dv+Z/klP(Y1 <y|V =0,P = p)do
j=1"4 k=1"C%

—
¥

(]P(Y <yD=1P=b)-P(Y<yD= 1|P:a]-))

-
7~
—_

+ Y (P(Y<yD=1P=dy) ~P(Y<y,D=1P =c))
k

—P(Y<yD=1P=p)—P(Y<y,D=1P=0)=P(Y<y,D=1|P = p),

Il
—

where the first equality is by definition, the second equality is by construction that V satisfies Assumption 1, the fourth
equality is obtained by inserting the constructed counterfactural distributions, and the second last equality holds because
(0, p] can be expressed as unions of exclusive intervals (U]]:1 (aj, bj)> U (UKL (e, di]).

Suppose that p € (aj-, bj) C LO(‘P) for some j*, then the right hand side equals to
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~ . ~ . p ~ .
MYS%D=HP=M=POHS%VSﬂP=m=AINMSMV=uP=mM
aj - B p B B
:/ Mnng:uP:mw+/angmvzupzmw
JO Jag
P a
:PWS%D:HP:@J+/ SP(Y <y,D =1|P = v)do
Ja
—P(Y<yD=1P=a.)+P(Y<y,D=1|P=p)
-P(Y<yD=1P=a;)=P(Y <y, D=1P=p),

where the fourth equality holds by the above argument and the fifth equality holds by inserting the constructed counterfac-

tural distributions. This completes the proof. O

It is worth noting that testable implications of the MTE assumptions has been previously derived in Heckman and
Vytlacil (2005, Appendix A). More precisely, HVO05 derived testable implications of Assumptions 1 and 2 are: for any

non-negative measurable function, i.e. Gt () : Y — R we have

%Emﬂan:Mza (34)

SEIGT(N(-D)IP =] <0 (35)

The main contributions of Theorem 6 are (i) it shows that the testable implication is sharp, and (ii) it shows that we do
not need to visit all those non-negative measurable functions, but we can restricts our attention to a tractable sub-class
which is sufficient to screen all possible observable violations of the MTE assumptions. This tractable characterization has

the direct advantage to propose a formal statistical test to screen the violation of the MTE assumptions.

B.2. Testing Procedures. The sharp testable implications of the MTE assumptions can be summarized as follows:
Ply<Y<y,D=1P=p)>Ply<Y<y,D=1|P=p), (36)
~-Ply<Y<y,D=0P=p)>-Ply<Y<y,D=0|P=p), 37
forall § > p with (,p) € P*andy,y’ € V.

Recently, Hsu et al (2018) propose a uniform a valid test for null hypothesis of the type:
E[fD(W,17)|s =5 X =x] > E[fP(W,1)|S =5,X =], (38)
§>swith (5,5) € S2,x € X, and T € O,

where W is a vector of observed random variables that contains S and X as elements, f 1) W,7),f ) (W, T) are known
real valued functions indexed by T € Q) —which can be finite or infinite. By defining the following T = (d, k) € Q =
(k) :d € {01}k = (y,y) : —o0 <y <y < oo} FOW, (LK) = FOW, (1K) = 1{Y € GJ1{D = 1},
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FOW,(0,k) = FAW,(0,k) = —1{Y € C}1{D = 0} with C; = [y, '] NV, and P = S; we see that the MTE
sharp testable implications, i.e. eqs (36,37) could be recasted into Hsu, Liu, and Shi (2019) testing framework if P was
an observed random variable. In our context, P is not observed but could be consistently estimated. To test the MTE
testable implications one can proceed in two steps: (a) the first step consist in finding a consistent estimator for P, i.e. P,
(b) second consist in using Hsu, Liu, and Shi (2019) testing procedure with P. A theoretical challenge is to ensure that the

pre-estimation does not affect the statistical properties of Hsu, Liu, and Shi (2019) testing procedure.

APPENDIX C. ADDITIONAL RESULTS ON COPULAS

C.1. Farlie-Gumbel-Morgenstern (FGM) Copula.

Assumption 14 (FGM Copula). There exists § = (xg,a1,01,00) € ® C RT with T < oo such that Cy,p(x1,x2) =

x1%2 (1 + ag(1 = x1)(1 = x2)) and Cy, yjp—p(x1,%2) = x12%2(1 +03(p)(1 = x1)(1 — x2)) for oy(p) € [-1,1],
d € {0,1}, where 04(p) is known up to a finite number of parameters d,.

Corollary 3. Under Assumptions 1, 5, 6 and 14, the identified set @?P of 0 = (0,(Fy,(y) : d € {0,1},y € R)) is

characterized as follows:

ag(1 = 2Fp(p)) +1— \/(ag(1 —2Fp(p)) +1)? — 4ay(1 — 2Fp(p))Hy
204(1 —2Fp(p))

ey = {Ford € {0,1}, Fy,(y;0) =

. 1 aBd aAd
0 = (g, 04) satisfies (Ag — A;)W = Bdeor all p},

where By = ag(1 — 2Fp(p)), Ay = (Bg +1)?> — 4B4H,, and

a1(p)p(1=p)+p— /@1 (P)p(L— p) + p)* — 4o1(p)p(1 — p)Fy,pip(v 11p)
201(p)p(1 = p)

Hi(y, p,o1(p)) =

and

ao(p)p(L = p) +p+ 14/ (@0(p)p(1 = p) + p +1)> +400(p)p(L — p)Fy,pip(y,0lp)
200(p)p(1 = p)

Proof. Consider d = 1. Note first by equation (8) and assumption 14,

Ho(y, p,00(p)) =

Fy o, 1p) = 1,5, () (Fry @) p (14 01(p) (1 = c1 o ) (Fr, () (1 = p)).

Let A = oy (p)p(1 — p). We focus on the case A # 0, that is, we do not consider p = 0 or p = 1 or values of p such
that o7 (p) = 0, because the solution is straightforward for those values. From the above equation, we have two possible

solutions for C1,Ep(p) (Fy, (),

Atp+\/(A+p)?—4AFpp(1lp)  A+p—\/(A+p)? —4AF pp(y.1lp)
24 or 24
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The expression in the square root sign is always non-negative. This is obviously true when A < 0. When A > 0,

(A+p)> —4AFy pip(y, 1|p) = (A = p)> +4A(p — Fy,pjp(y,1|p)) = 4A(p — Fy,pip(y,1|p)) >0,

where the last inequality holds because p = P(D = 1|P = p) > P(Y <y,D = 1|P = p) = Fy pp(y, 1|p).
Although both solutions are well defined, the first solution is not valid for this context. When oy ( p) > 0, we have

p > A > 0 (unless p = 0), and,

Atpt\J(A+p? —4AFppUlp) Avp
2A =24 T

When 1 (p) < 0, wehave A < O and p+ A > 0, and,

Atpty/(AtpP - saRopl)
24 <

because the numerator and denominator have opposite sign. Therefore, the first solution can not be valid since
¢1,5(p) (Fry (v)) = Fy,|p(y, p) must takes values from [0, 1].

It remains to verify the second solution is valid. First consider the case A > 0. Let A = (A + p)? — 4AFy pip(y, 1[p).
Then,

0 < Fypip(y,1lp) < p = (A—p)* < (A+p)> —4AFy ppp(y,1|p) < (A+p)?

:>0§A+pf\/K§2A:>O§A++A_\/K§1
Next consider the case A < 0,
0 < Fypip(y,1lp) <p= (p+A)* < (A+p)> —4AFy ppp(y,1|p) < (p— A)?
$2A§A+pf\/K§0:>O§A++A_\/K§1

To summarize, we have one valid solution

a(p)p(l—p)+p— \/(01(10);7(1 —p)+p)? =40 (p)p(1 — p)Fypip(y, 1lp)
201(p)p(1—p) = Hly p.ou(p))-

1 (p) (Fyy (¥)) =

The right hand side only depends on unknown finite dimensional parameters and quantities that can be identified from data.

Next, recall that

aC X1, X
Hi0,p.01() = €y (B ) = SN

= xp + a2 (1= x1)(1 = 202) v, =k (y)v0=Fp(p) = Fr (V) + 1Py, () (1 = Fy, () (1 = 2Fp(p))
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Solve Fy, (y) from the above equation, we get again two possible solutions.

By +1+4/(B; +1)2 — 4B H; or By +1—+/(By +1)2 — 4B H,
2B, ’ 2B,

where By = a1(1 — 2Fp(p)). Again, we restrict our attention to the case By # 0, otherwise Fy, (i) has a unique solution
which equals to Hy (y, p,01(p)). Note also that By € [—1,1], so By +1 > 2By and B; + 1 > 0. Following similar
argument as above (and use the fact that 0 < H; < 1, we can show that the first solution is not valid while the second
solution is. Therefore, it must be the case that

a1(1=2Fp(p)) +1— /(a1 (1 —2Fp(p)) +1)*> — 4ay (1 — 2Fp(p)) Hi (v, p. o1 (p))
201 (1 —2Fp(p)) ’

FY1 (y) =

where

_alpp(-p)+p- \/(vl(p)p(l —p)+p)? =401 (p)p(1 — p)Fy pip(y, 1lp)

201(p)p(1 = p)
Now consider d = 0. Note first by equation (9) and assumption 14,

Hq

Fy p1p(¥,0lp) = co,£a(p) (Fxo (¥)) = o,5(p) (Fry ()P (1 + 00 (p) (1 = €0, () (Fyy () (1 = p).

From the above equation, we have two possible solutions for ¢y r, () (Fy, (¥))

Ag+p—1+ \/(Ao +p—1)2+4AoFy pp(y,0lp) Ag+p—1- \/(Ao +p—1)2+4AoFy pp(y,0lp)
24, o 24,

where Ay = op(p)p(1—p).so Ag+p—1=(1—p)(op(p)p —1) < 0. The term inside the square root is always

non-negative. It is obvious when Ay > 0. When Ay < 0, we have
(Ao +p —1)* +4A0Fy pp(y,0lp) = (Ag — p+1)* +4Ao(Fy pip(y,0lp) — (1 —p))
> 4Ao(Fy pip(v,0lp) — (1 —p)) = 4Ae(P(Y > y,D =1|P = p) = P(Y > y|P = p)) > 0.

Although both solutions are well-defined, we will argue the second solution is not valid. To see this, when Ay > 0, the

numerator is negative and denominator is positive, implies

Ag+p—1- \/(Ao +p —1)2+4AoFy pp(y,0lp)

0.
24, <

When Ay < 0, since Ag+1—p > 0s02A9 > Ag+ p — 1, we have

Ao +p—1— /(Ao +p—1? +4AFrppW0P)  Ag+p—1 _ 249 _

2A9 - 2A9 2Ap =1
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On the other hand, the first solution always falls between 0 and 1. When oy (p) > 0, Ag > 0, we have

Ao+ p =1+ /(Ao +p =12 +4AcFypp(y,0lp)  Ao+p—1+,/(Ao—p+1) +4A0(Fy pip(v,0lp) — (1~ p))

240 240
< A0+P—1+\/(A0—P+1)2 _%_1
- 2Ap _2A0_ !

and

Ap+p =1+ /(Ao +p—1)? +4AeFy pip(y,0lp) L Avtp—1+hEp=IP
2A9 - 2Ap =7

When 0p(p) < 0, Ag < 0, we have

A0+p_1+\/(A0+p_1)2+4A0FY,D‘P(:I/,O|F7)>A0+p71+\/(A0+p71)2_ 0 _

O/
240 240 24,

Ao+ p =1+ /(Ao +p—1)2 +4AcFypp(u,0lp)  Ao+p—1+ /(Ao —p+1)> +4A0(Fy pip(v,0lp) — (1~ p))

240 240
< A0+P*1+\/(A0*P+1)2 _%_1
- 2A9 72A07 !

To conclude, we must have

qop(1=p) +p+1+,/(op(1 = p) +p+1)> +4oop(1 — p)Fy,pjp (v, 0lp)
200p(1 = p)

co,rp(p) (Fro (¥)) = = Ho(y, p,00(p))-

Finally, repeating what we did for Fy, (y) and ¢y r,(,) (Fy, (¥)), we can do the same and obtain

ap(1=2Fp(p)) +1—/(ao(1 —2Fp(p)) + 1)> — 4ao(1 — 2Fp(p))Ho(y, p, 00 (p))

Fy(y) = 200(1 — 2Fp(p))

C.2. Bernstein Copulas. The density of the Bernstein copula is given by:
p Ki L4 p
ey, vip(x1, x;a%) = KgLg Y Y afybr_q x,—1(x1)by—1,1,-1(x2)
k=11=1

Note that b; ; (1) has an alternative representation:

bi(u) = j;(—l)ji C) (Z) ul (39)



First let assume that Assumptions 1 and 5 hold, then under Assumption 9(i), we have

Ki L4
E[g(Yy)|V =0,P = p] = /yg(y)Kde Yoy “fzbk71,1<r1(Fyd\p(y\P))bzfl,qu(U)de\P(yW)dy
: k=1i=1
K; Ly i
=KqLg ) ) agybiqp,-1(0) /y8(y)bk71,1<d71(Fyd\P(y\P))de\P(]/|P)dy
k=1i=1

In addition, under Assumption 9(ii) we can derive the following:

R; S4
=RySq Y. Y BEBr1r,—1(Fr,(¥)bs—1,5,-1(Fp(p)),
r=1s=1

Fy,p(ylp)
X

Ra Sq
Frplp) = fr,(y Rdsdzlziﬁrs r—1,Rg—1(Fy, (¥))bs—1,5,-1(Fp(p)) -
rs &,

To ease the notation, when there is no confusion we will make the following abuse of notation Fp = Fp(p) and

Fy, = By, (y).

be-1,x,-1(Fy,|p(ylp)) = ; (-1~

=k )
Ky—1 . K;—1 Ry Sq j
- };1(1)11#1( dj )(ki ) R4S4) (22%)
]: - r S
K;—1 . K1 . ) .
_ 71]7k+1( d- )( ] )RS j ( ) ) d \mi (o d \ip . (ad nR,s,
j:;fl( ) ] k-1 ( ! d) 7111+n12+z+711z =] M1, 112 -+ TR S5 (Xll) (X12) (XRde)
and,

bk—1,k,—1(Fy, 1 p(yIP)) fr, p(vlp) = g: g { di 1)/ k+1 (Kd]._ 1) (kil) (Rdsd)Hl

j=k—1

( J ) (X'ill)nll (thiz)nlz o (de{d )”Rdsd } grszd( )

n11,M12, -, NR,S,

)

ni e tnggs, =j

‘We have the following factorization:

()™ ()™ -+ (x5, % 0

Ra,Sq Ry Sq
= Blbs_1s5,-1(Fp) T] (.Bgf)ngf (Be—1,r,-1(Fy,)) H br_1,8,-1(Fp))" by—1,r,—1(Fy,)
e=1,f=1 e=1 f=1
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where 11,. = Z;d:l nepandn g = Zfil 1,5 Then, we have

/yg<y> )™ ()™ - - (x5, )" %0l fr, )y

S4 Ry,Sq Ry
= Blbs_1,5,-1(Fp) TT (brors,-1(Fp))"™ 1T ( ”flE[g(Yd)H(Be LR—1(Fy,)) " br—1,r,— 1(5@)}
f=1 e=1,f=1 e=1
R

Therefore, we can write:

| 80 (o1 vl = Y% by v, a(Er) { ; it (S (L)) (Rasa)

r=1s=1 J

/ T (a Mef o dn,.
Z ( anSd)e H (ﬁEf) g(bffl,sdfl(FP)) T 1g

ni+nip+.. +‘flR Sq —] 1, 2, - :1,f:1

Finally, we have

Ry S K—1 , 7 . ,
E[g(Ya)|V =0,P = p] = KyLg Z Z“klbl 1,1—1( Z Zﬁrs 5—1,54—1 FP){ Yo (—1ykt (Kd]. 1) (kil) (Rdsd)”lx
]7

=11= r=1s=

j Rt gy d
¢ br1g,-1(F e 40
Z ( ansd) . H (:Bef) /1:[1( 1,551 P)) V- 1g} (40)

b s, = N1 T2 =1,f=1

Remark that when Ry = S; = 1, Cy, p(x1, x2; ,Bd) = x1xp which is equivalent to Y,; L P, in such a case Equation (40)

simplifies to

Elg V)|V = 0, = p] = KaLy ) z”aklbl 1,-1(0) 8001, (P, (1), ()

k=1i=
T4
Ly
= Z(KdeZka; k) br_q,r,-1( Zedlbl 11,-1(0) = E[g(Yy)|[V =0]. (41
=1 -
—,_/
0%

As can be seen we recover the parametric form Mogstad, Santos, and Torgovitsky (2018) imposed on the MTR.
Mogstad, Santos, and Torgovitsky (2018) approach imposes E[g(Yy)|V = v] = ZlLil Gglbl—l,Ld—l(U) as a primitive,
while in contrast we show that under a valid IV assumption —Assumption 2, imposing such a structure on the MTRs is
equivalent to parametrize the “selection on unobservables” dependence — Cy VP (x1, x0; txd)— using a Bernstein Copula

of order L.
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Going back to the general context, and by integrating the DMTESs we obtain the following model restriction:

p+(1—p)1{d=0}
Blsp=d}p=pl= [ = T TER(QIV=0P=pli
Ki Lyg p+(1—p)1{d=0} Ri Sa Ki—1 . K;—1 i :
=Kglg ) Y, kz/ bi1,r,-1( dUZZ.Brs s-1,5-1(Fp)3 Y. (= 1)]_k+1( “ )( i )(Rdsd)]+1><
k=1i=1  /prHd=0} r=1s= =1 J k—1

i Ru,Sa
J . in
= ( ”Rdsd)e IT (e) nfn (bf-15,-1(F))” Wrnlg}

n11+n12+‘~~+”Rde:j 11, 112, - :,f 1

p
Remark, we can show that Blfl,Ldfl(l) = fol blfl,Ldfl(U)dU = 1/Ld = /() blfl,Ldfl(v)dv + fpl bl*l,Ld*l(Z))dU'
—_

Bi_1r,-1(p)
Therefore, we have:

Ky Ly Ki—1 . Ki—1 H .
E[g(Y)D|P=p] =KiL1 ¥ Y a};Bi 11, -1( Z Z:Brs 5—1,5,—1 FP){ ) (—1)]7“1( v )(kil) (R151)]+1X
k=11=1 j

r=1s= i=k—1 ]
sV e 1
(Bep)™ TT (b5-1,5,1(Fp)" 1" 0 (42)
f—1,5,—1\LP Y21
ni1+np+.. iR, s = M1, 112, - 1Ry 8 e=1,f=1 of f=1 ! e

and

Ko Lo Ro So Ki—1 , _ , ,
E[g(Y)(1-D)|P=p] =KoLo Y ¥ al(1/Lo—Bj_11,1(p)) Y Zﬁrs s—1,5—1 FP){ Yo (—1) (KO i 1) (kil) (R050)1+1>
j

k=11=1 r=1s= i—k—1 J

i Ro,S0
)» ( ! nRs> [T 6 efl_[ bf_1,5,-1(Fp))" 79”{g} 43)
050/ ¢

A bngys,=j N L1127 =1,f=1

Restrictions on 7, ’]” . Recall 'yy’]L = E {g(Yd) H§i1 (Be—1,r,— 1(Fyd)) ‘br_1,R,— 1(Fyd):| for jo € {1,..,Ly}.
04 4Je is an unknown parameter to estimate, but the set of potential values it can take is restricted by the model.
r—1,¢ ’
In fact, each choice of g(.) imposes a restriction on 'yrdﬂel/g, for instance for g(-) = 1{- <y}, ¢(.) = {y < - <v'},

gt : Y >R, org” : Y — R~ we have respectively

d,je
’Yy]1y = [1{Y<y}n e—1,Rs—1(Fy,))’ br—l,Rd—l(Fyd)} >0, (44)

Ry .
’Y,’]ely ’Yr'jiy = {1{?/ <Y<y} U1 (BE—l,Rd—l(FYd))]Ebr—l,Rd—l(FYd)} >0V >y, @45)

Ry .
7 = Bls 0D TT (B () b1 (F)| 20, (46)
e=
. Ry .
d/ e — e
7 =E [8 (Ya) 1 (Be-1,r,1(Fy,))’ br71,Rr1(Fm)} <0. 7
e=
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Remark that, while the dimensionality of ’yr’]“ depends on the complexity of the g(.), the set of unknown parameters

0= (a0, al, B!, B%) € OBC where
@BCE{aﬁ,zo,/afs20,1§1§Ld,1gkng,1gr§Rd,1gsgsd, such that
P S S I
Ky o =10, adi=1,5; Y B =1,R; Y BL =1, forde{o,l}}
=1 k=1 r=1 s=1

is invariant to the choice of g(.). So choosing a more informative class of g(.), will provide a tighter identified set of the
copula parameters ®?C. To do so, we will consider the half-interval class G = {g(-) = 1[- < y],y € Y} which allow us
to recover the distributional DMTR Fy, |y p(y|v, p). We then consider (716—1,y)y€ y = (’y?’_j Ly 'y}l Ly)yey € T'BC where

rec = {'yr’]“ly >0 Yy e J}suchthat'yr’]f ’Yr,]ely >0 Vo >y >y > —oo, ford € {O,l}}.

Theorem 7. Under Assumptions 1, 5 and 9, the identified set of the Bernstein copulas parameters @?C of <9, ('y]r.il y) yey) €

OBC x TBC is characterized as follows:
0, = {(6 (yf_l,y)yey) € ©PC x TBC that satisfies Equations (42)and (43), for all g(.) € g},

and for any integrable real function g(.), the identified set © 1,9 for DMTRy is defined as follows:
Org = {(]E[g(Yl)V =v,P =p;0],E[g(Y0)|V =, P = p;0]) such that

_ Ki L4 p Ra Sa Ki—1 ki1 (Kg—1 j j+1
Eg(Y)|V=0,P=p0] =KLy Y Y adiby 11, 1(0) Y Y BLbs 15,-1(Fp){ Y. (—1)/7FF ( j ><k—1> (RgSq) "
j

k=11=1 r=1s=1

. R4S
D ( ) ﬁd anH (bf_1,5,-1(Fp))™ "
nllrn‘lZ/ - MRS, e=1,f 8

n it ng,s, =j Sf=1

)

i —BC
(6,021 )yey) €O }
Example 1. Now we consider an example with K; = Ly = Ry = Sz = 2. In this cases

bo1(u) = <(1)) WA—-w) 0 =1—wu; by(u) = G) W(1—uw)' 1 =u

2 2

u u
Bo1(u) =u— o By(u) = o

Therefore, we have

Cy,vip(x1,x2; ) = 4{af Bo1 (x1)Bo;1 (x2) + afyBo,1 (x1)B11(x2) + ady By 1 (x1)Bo1 (x2) + 2y Br1 (x1)Bi1(x2)},
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d d : d d\ _ d d\ _ d dy\ _ d d\ _ :
where oy > 0 and Bfs > 0 satisfy 2(0(11 + 0(12) =1, 2(0{21 + 0(22) =1, 2(0(11 + a21) =1, 2(0412 + 0422) = 1. In this
case, we can express other ws in terms of 06‘111, that is, zxgz = tx‘fl, Dégl = tx‘liz = % — “[111' To ensures all the parameters are

greater or equal to zero, we need to have 0 < 0(‘{1 < % Therefore, we can write

2 2 2 .2 2 .2 2.2
o d Xy Xy 14 %o 1y X\ X, 4 X1 %)
Cy,vip(x1, x2; ):4{0¢11(x1—2)(x2—2)+(2 —aqp)(x1 — 7)7‘*’(5_“11)@2— 7)7‘*’“11??

= 4ot 2120 + (1 — 4ad)) (0193 + x0x2) + (4ad; — 1)x342.

CYd,V‘P(x1/x2;ad) = 4o} + (1 —4ad)) (221 + 2x0) + 4(4af; — 1)x1x0.

Note that if we define 40&‘111 — 1=, then

Cyd,v\P(xlfxz;“d) =x10(1+6(1 —x1)(1—x2))

which is the FGM copula with dependence parameter d. If we impose a1 = % then we are imposing the selection-on-
observable assumption.

Likewise, when Ry = S; = 2, we have
Cy,,p(x1, 123 %) = 4p1x1x2 + (1= 4By (1133 + x207) + (481 — 1)xixs.

and

oy, p(x1,x2; ) = 471 + (1= 4B41) (201 + 2x2) + 4(4B7; — Dxrxa.
We need 0 < /3‘111 < % When we impose ,B’fl = %, it follows that Cy, p(x1, x2; ﬁd) = X1Xp, that is, the IV independence
assumption is satisfied.

Recall that fy, v p(y|v, p) = ey, vip(Fy,pWIp), Fyip(0lp); a®) fy,p frip(vlp) = CYL,V\P(FYH\P(ylp)/FV|P(U|P)?“d)de|P’

we have

Elg(x)lV =0,P=p]= [

= [, 8) {aay + (1~ 4ady) 2y p(v1p) +20) + 4040y 1Py plylp)o} i p(vIp)ay

W) fy,v,p(ylv, p)dy

= [ s frplylp) (s + (1~ 4ad)Fyp) dy-+o [ sl fplylp) (s —1) (4Fgp —2)dy - @9)

RHS14(p) RHS24(p)

So the RHS of the Equation (48) is linear in v. To proceed, recall that

Cy,,p(x,
Fp01p) = 55 Ly, st = 40P () + (1= 460) @Ry P+ ) +20480, - D Fo

and

Frap(ulp) = fr, (4B% + (1= 4811 (2Fy, +2Fp) +4(4p1, — 1)Fy, Fp)

59



Insert the above two equations into the first RHS term of Equation (48) and re-arrange, we have

RHS14(p) = vy E[g(Ya)] +9f) E[g(Ya)Fy, (Ya)] +9i E[g(Ya) Fy, (Ya)] +9H Bl (Ya) FY, (Ya)] = 9 -7 (3),
N—— N~—— ——

() (@) () (@)
where 9§ (p) = (¥ (p), ¥ (p), ¥ (p), ¥s(p)).
¥o(p) = (4B% +2(1 = 4B Fo(p) ) 4a,
Pl (p) = (4Bf — D (Fp(p) — 2)4af; + (41, + 2Fp(p) (1 — 4B7;))*(1 — 4afy)
pla(p) = (128f; +6(1 — 4B Fp(p)) (1 — 4af; ) (485, — 1) (2Fp(p) — 1)
¥(p) = 2(4p1; — 1)*(2Fp(p) — 1)*(1 — 4af;)

d i

The <y parameters are indexed by function g, and ¥ (g) = (’yg (8), 7 (8), 4 (g), ’yg(g)) .

For the RHS2 term, we have
RHS2 (p) = $5075(8) + ¥5171(8) + ¥575(8) + ¥5:74(8) = 95 -7 (9)
where 93 (p) = (W5, (), ¥4 (P), 95, (P), ¥55(p))',
¥io(p) = —2 (4B +2(1 - 4B Er(p))

951 (p) = 4(4B% +2Fp(p) (1 — 4p41))% — 2(485, — 1) (4Fp(p) — 2)
¥ (p) = (4885, +24(1 — 4B1)) Fp(p)) (4BF, — 1) (2Fp(p) — 1)
¥ (p) = 8(4B%, — 1)*(2Fp(p) — 1)?

Finally, consider

p+(1-p)1{d=0}
BlsD=d}p=pl= [ =T "EROWIV=0P=pli
p+(1—p)1{d=0} p+(1—p)1{d=0}
— RHS14 dv + RHS2?
(p) /p i) 0+ (p) /p o)

Setting d = 1 and d = 0, respectively, we have
2
E[g(){D = 1}|P = p] = @1 (p) - 7" (®))p + W3(p) - () 5
2
E[g(Y)1{D = 0}P = p] = (7(p) - ¥°(3))(1 — p) + (¥3(p) -7°(g))(% -5
In this case, the set

1
efc = {("‘%1/,5%1%91//391) 10<af; < 70 Bl < -, ford € {0,1}}

N[ —
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If we consider the class of § functions to be G = {g(-) = 1[- < y|,y € Y}, then the set
rPc = {(71 WA W) 7 W) 2 0.2 W) 2], forally =y, forj € {0,1,2,3}, ford € {0,1} }.

, . . —=B , .
The identified set of the Bernstein copulas parameters O < of <a‘fl, ,B‘fl, ')/;?7 (]/)yey) € OBC x TBC js characterized as

follows:

@?C = { (a‘fl,ﬁ‘fl,’y?(y)yey> € ©8C x T8 that satisfies Equations (49)and (50)},

and for any integrable real function g(.), the identified set ® 1,g for DMTRy is defined as follows:
O = {(E[g(Y1)|V =0,P =p;0],E[g(Y0)|V = v, P = p;0]) such that

Emmmuwm:mm:M@»W@+w%ww@muVé:@hﬁw%m%fwn%we®5}

Remark 10. It is possible to additionally impose some conditions listed in Lemma 4. In Example 1, further assuming MIV

is amount to assume the second derivative of Cy, p with respect to xp is non-positive, that is

9*Cy, p(x1,%2)

. =2(4p9, —1)(x? — x1) <0,Yx; € [0,1]
2

This is satisfied if we assume % > ﬁ'{l > %.

C.3. Frank Copula: Proof of Corollary 2. Consider d = 1. Note first,

(6701(17)61,@(;;) (Fy (v) _ 1)(e—n(p)p — 1)]

In [1 + D)

Fypip(y, 1lp) = A

Solve ¢y , () (Fy; (7)) from the above equation we have

1

| (e—tﬁ@)Fy/mp(y,l\p) —1)(e ) —1)
a1(p)

(e=n1(P)P —1)

1 p(p) (P (1) = ———=In [1+ | = Hiwp.o(p)

Here, the Hi(y, p,01(p)) only depends on quantities that are directly identifiable from the data and the finite dimensional

parameters. Then recall that

aC X1, X
Hi(y, p,o1(p)) = c1,p.p) (Fry () = %hlﬂﬁ () x2=Fp(p)

(e-7Fn(¥) — e Fe(p)
(e~ — 1) + (e B l¥) — 1) (e=rFr(p) — 1)’
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Again, solving Fy, (y) from it yields

1+ Hi(y, p,01(p)) (e — 1) ]

1
Y, (y ) a n e—leFp(p) —H (]// p,o-l(p))(e—ﬂqFP(P) — 1)

Next consider d = 0. We know that

(e—VO(P)Co,FP(p)(FYO ) _ 1)(e —oo(p)p _ 1)}

1
Fyp|p(y,0lp) = cor(p) (Frp (¥)) + o) In [1 + (e a1
Solving ¢g , () (Fy, (7)) from the above equation we have

(e PEoipv0lp) _ 1) (e=0(p) — 1)
e—00(p) — e—o0(p)p

o) (Fro (4)) = —=In [1+ | = How, p.oo(p))

oo(p)

Again, recall that

9Cy,,p(x1,%2) (e~ ) _ 1)e—0Fr(p)

Ho(y, p,o0(p)) = corp(p) (Fro (v)) = 9x7 li1=P ) 22=Fi(p) = (6= — 1) + (e P _ 1)(e~mEr(p) — 1)
Solve Fy, () from the above equation yields
1 Ho(y, p,oo(p))(e"™ — 1)
F (y,0) =——1In |1+ .
000 = =3 U T i, pray(p)) e 1)

Finally, since F;(y; 8) does not depends on p, its partial derivative with respect to p must be flat at 0 for all value of p,

and so does the right hand side of the equation. Therefore, for all p, noticing e—%aFp(p) # 0and Hy # 0,

e""dpp(p)*Hd<y,p,(7d(p))(e"‘dﬁ (p) 1)
J { Ha(y,p.oa(p)) } —aaFp( )Dédfp(p)(Hd —1)Hy; — aa%d
3 =0= e PP 5 —0
p H?
JoH
= aqfp(p)(1 — Hg)Hy + a—pd 0.

To obtain the identified set for the distributional DMTR, simply note that Hy(y, p,04(p)) = car,(p) (Fy,(v)) =
Fy,p(y|p), hence

aCy, v|p(x1,%2) o (e=9aHa — 1)e=0av
T owm MeHen= T ) 1 (et — T (e — 1)

Fy,pv(ylp,v) =
and restrict 0 taking values from @?P and

E[Yy|P=p,V =0] = / Yfy,pv(lp,v)dy = / chd,wp(y/vlp)fyd|p(y|10)dy

_/ —04(p) (e~P) —1)e~0ulp)(Hato) 9Ha(y, p,0u(p))
(e —1 + (e=9tHa — 1) (e=0a0 —1))? 9y

Y
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