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ABSTRACT

Much of the analysis of panel data has been based on an assumption of strict exo-
geneity. Distributions are specified for outcome variables conditional on a latent individual
effect and conditional on observed predictor variables at all dates, with the future values
of the predictor variables assumed to have no effect on the conditional distribution. The
paper relaxes this assumption in order to allow for lagged dependent variables and, more
generally, for feedback from lagged dependent variables to current values of the predictor
variables. Such feedback would arise in an evaluation study if the treatment variable is
randomly assigned only conditional on the individual effect and on previous outcomes.

An information bound is derived for a semiparametric regression model with sequen-
tial moment restrictions, with the information set increasing over time. The bound is then
applied to a model with a (scalar) multiplicative random effect. The mean of the random
effect conditional on the predictor variables is not restricted, so that the random effect can
control for various omitted variables. This conditional mean is the nonparametric compo-
nent of the semiparametric regression model. There is a transformation that eliminates the
random effect and leads to a set of sequential moment restrictions in which the moment
function depends on only a finite-dimensional parameter. The information bound for this
simpler problem coincides with that of the original problem. The form of the optimal

instrumental variables is derived.
The paper also considers the identification problems that arise when the random effect

is a vector with two or more components.



FEEDBACK IN PANEL DATA MODELS

1. INTRODUCTION

Much of the analysis of panel data models has been based on an assumption of strict

exogeneity. A linear regression example is
E(yit|l’¢1,...,$iT,Ci) = Bxi + ¢ (2 =1,....,nmt= 1,...,T).1

We observe (x;1,¥i1,--.,Zir,yir) for a random sample of n individuals. The individual
effect ¢; is not observed. The predictor variable x is strictly exogenous in that its values
at all dates t are simultaneously conditioned on in the regression specification. It then

follows that
E(Yit — Yit41 | ®in, - s xir) = B(@ir — Tip41)-

So we have a regression specification that only involves observables, and a least-squares
regression of, for example, y;1 — y;2 on x;; — ;2 provides a consistent (as n — co) estimate
of 3.

In binary response models, strict exogeneity plays a key role in Rasch’s (1960, 1961)
conditional likelihood approach to logistic models. Strict exogeneity is also necessary in
Manski’s (1987) application of the maximum score estimator to models with unobserved
individual effects. Hausman, Hall, and Griliches (1984) consider panel data models for a
count variable. Their conditional likelihood estimators require strict exogeneity. The need
for distributional assumptions in those models is relaxed in Wooldridge (1990), but strict
exogeneity is still required. Likewise, strict exogeneity is needed in Chamberlain’s (1992a)
analysis of random coefficient models. Finally, Honoré’s (1992) treatment of panel data
models with censoring relies upon strict exogeneity.?

We would like to relax the strict exogeneity assumption and allow for lagged dependent

variables and, more generally, for feedback from lagged dependent variables to current
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values of the predictor variables. A linear regression example is

E(yit | Ti1, Yi0s - - -5 Tity Yi,t—1, Cz‘) = Bxy + YYi,t—1 + Ci- (1-1)

This specification allows for x; to depend upon lagged y, but the feedback is not given a
parametric form.

A similar specification could arise in an evaluation study, where y;; is earnings and
74 indicates whether or not the individual has received job training as of date t. Let 39
denote earnings in the absence of training, and suppose that the training is administered
in period s, with x;; = 0 for t < s and x;; = x;5 for t > s. If the training effect is the same

for everyone, we have
Yir = Y% + By (t=1,...,s—1,s+1,...,T).

It is commonly observed that there is a dip in the pretraining earnings of participants in
job training programs (Ashenfelter (1978), Ashenfelter and Card (1985), LaLonde (1986)).
So we allow selection into training to depend upon previous earnings, as well as upon an
individual effect ¢;. Training is randomly assigned conditional upon previous earnings and

¢;, in the following sense:

EWer | Y5ty - > Y115 Cir Tie) = E(Ygs | Uity - > Ys—1,Ci)-

To complete the model, we use the following specification for the dependence of y% on

lagged values and ¢;:
E(i | Yivs - > Yig—1,¢i) = 7y2t—1 + ¢
Then we have
E(Yit | Yios - - - Yijt—15 Ci» Tit) = VWi, t—1 + i + (Be — vBi—1) T4t (1.2)
t=1,...,s—1,5+2,....T),
E(Yi,s+1 | Yios - -+ Yi,s—15Cis Tijs41) = ’Yzyi,s—l + (L +v)ci + Bs+1Ti s+1-
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Models with lagged dependent variables and individual effects have been considered
by, among others, Balestra and Nerlove (1966), Anderson and Hsiao (1982), Bhargava and
Sargan (1983), Chamberlain (1984), Holtz-Eakin, Newey, and Rosen (1988), Arellano and
Bond (1991), Arellano and Bover (1993), and Ahn and Schmidt (1993). Keane and Runkle
(1992) consider relaxing strict exogeneity in a panel data model with an additive individ-
ual effect; their motivation is work on the permanent income hypothesis and liquidity
constraints, as in Zeldes (1989).

We shall work with the following extension of (1.1):

di(zi,00) = Re(wk, 00)ci + vi (1.3)

E(y|w) =0 (i=1,...,n;¢t=1,...,T).

Here z; contains the data on the it unit; wf = (w1, ..., w;) is contained in z;. The scalar
random effect ¢; is not observed. d; and R; are given functions. We are interested in 6y
and in ¢g = F(c¢;). The relationship between the random effect and the predictor variables
is not restricted; in particular, we do not assume that E(c; |w} ) = E(c;). In this sense, the
“fixed effects” terminology would be appropriate. The feature that makes this nonlinear
model tractable is that the scalar random effect multiplies a known function of the data
w! and the parameter 6.

One example is a linear model in which interactions are allowed:
Yir = 00124 + O02Ys,1—1 + ¢; + o3¢ + Vi

Here we might have w;; = (i, yir—1) (with y;0 observed); we set di(zi,0) = yit — 6124 —
O2yi t—1, and Ry(wk, 0) =1+ O324.
Another example, which would be of interest when y is a nonnegative random variable

such as a count, is

Yit = exp(fo1Tit + 0o2Yit—1 + ) + vit,

with wi = (24, yit—1). Here we set di¢(2;,0) = yir, Re(w},0) = exp(b124 + O2y;1—1), and

ci = exp(a;).



Our treatment of the random effects model in (1.3) is based on a semiparametric
regression model with sequential moment restrictions. That model, which is set up in

Section 2, has the following form:
Elpi(zi, 00, ho(w])) |wi] =0 (t=1,....T)

for some 0y € RP and some scalar-valued function hy. Here p; is a given function with
domain a subset of R™ x RP x R. We derive an efficiency bound for 6y and for ¢y =
E[ho(wl)]. These results are then applied in Section 3 to the multiplicative random effects
model. The link between the models is provided by setting ho(wl) = E(c; |wl).

Section 4 considers models in which the random effect is a vector with two or more

components. An example is
Vit = OoYit—1 + C1i + C2iTir + Vit (1.4)

E(vit | i1, Yios - - - Tits Yit—1) = 0.

We show in Section 4 that although there can be positive results for some special cases, in

general there are severe identification problems in such models.



2. SEQUENTIAL MOMENT RESTRICTIONS

The observations on the i*" unit are contained in a m x 1 vector z;. We assume

that {2;}72, is a sequence of i.i.d. random vectors with probability measure P. The ran-

dom vectors w;1,...,w;r are components of z;. We shall simplify the notation by let-
ting z, w1, ..., wr denote random vectors whose joint distribution coincides with that of
2y Wily -« o, WiT -

We are given functions p;: Z x © x N — R, where Z C R™ contains the support of P,
the parameter space © is an open subset of RP, and N is an open subset of R. We assume
that ps(-,0,-) is a measurable function for each 6 € ©, and that p;(a, -, ) is continuously
differentiable on © x N for each a € Z. We shall consider triples (@, 6, h) that satisfy the

following condition:

CONDITION (C). (i) @ is a probability measure whose support is a subset of Z; 6 € ©; h is

a measurable function mapping the Q-support of (wy,...,wr) into N. (ii) Fort =1,...,T,
Eqlpi(z,0, h(w")) [w'] =0,
where w' = (wy, ..., wy).

Suppose that (Q, 0, h) satisfies Condition (C). The analysis is simplified by the fol-

lowing transformation:

gt(Z,Oé,B) = pt<z7a7ﬁ) - HtHEIPT<Z70475) (t = 17 . '7T - 1)7

where

H; = EQl0pi(z,0,h(w"))/Oh|w"] (t=1,...,T)
and we assume that Q{Hpr = 0} = 0. This transformation is useful because

Egl09:(z,0, h(w™))/Oh|wT] = 0. (2.1)

5



After making the transformation, we apply a forward filter:
gr-1(z, o, 8) = gr-1(z, o, B) (2.2)
9s(z, 0, B) = gs(z, 0, B) = T's s119541(2, 0, B)
— .= Tsr_1gr-1(2,,5) (s=T-2,...,1),
where
Lse = Eq(gsge | w")[Bo(g7 |w')] ™ (s <)

with g, and §; evaluated at (z, 6, h(w?)).

The idea of the forward filter comes from Hayashi and Sims (1983). In our case
the coefficients I'y; in the forward filter are stochastic, as in Hansen, Heaton, and Ogaki

(1988). The advantage of the forward filter is that it results in moment functions that are

conditionally orthogonal given the larger (of s and ¢) information set:
EqQlgs(z,0, h(w"))ge(z, 0, h(w™)) [w] =0 (s <*). (2:3)
The forward filter can be shown to solve the following prediction problem:

min Eo(gs — QS)Q
Ar_q

Asii,..s, T
subject to

A

9s = A1 (™) gep1 + ..+ Ar_1(w" T Ygroy

is solved by setting
gs = Fs,s—i—lgs-l-l + F5,5+2§S+2 +. Tt FS’T_lgT_l

(where the ¢’s and §’s are evaluated at (z, 0, h(w?T))).
Define ¢ = Eg[h(w™)]. The following condition on the triple (Q, 6, h) will insure that

the information matrix for (6, ¢) is positive definite.

CONDITION (PD). (i) Eg[p?(z,0,h(wT))] < oo (t =1,...,T) and Eg[h?(w™T)] < co. (ii)
Let g0 = h(w?) — ¢ and let ¢; = ps(2,0, h(w?)) for t =1,...,T. Let §r = qr and

qS:qS_\PS,S+lgS+1_"'_\PSTqT (82T—17"'70)7

where



Vo = Eq(qsr | w')[Eq(q )] ™" (s <1).

Then Eq(g? |w') > 0 with Q-probability one (t = 0,...,T), where w° = 1. (iii) Hr is
nonzero with Q-probability one. (iv) Let

Vo Voe
V(Q,0,h) = 2.4
o=y ) (2.4)
T—1 o B —1
Vo= |3 Ba(Gisi G
t=1
T—1
V¢ = VarQ {h — H;lpT — Z Atgt} + KVQK/,
t=1

where

Gy = Bq(05:/00' |w'), Sy = Eq(g}|w'),

Ay = Eq[(h— Hy'pr)g |[w'1S7Y,  Dp = Eq(dpr /00" |w™),
T—-1 _
K =) BEq(MG:) + Eq(Hy ' Dr)

t=1
with §; and pr evaluated at (2,6, h(w?)). Then V(Q, 0, h) is well-defined; i.e., the relevant

expectations exist and are finite, Q{%; > 0} = 1, and ZtT:_ll Eq(Gi2;1Gy) is positive
definite.

We shall assume that (P, 6, ho) satisfies Conditions (C) and (PD), and we let ¢o =
Ep[ho(wT)]. Define

Vo = V(P, 0o, ho). (2.5)
If the distribution of z is multinomial with known, finite support, then the estimation
problem becomes parametric. The unknown parameters are the probabilities of the dif-

ferent values for z, and these probabilities are restricted by Condition (C). The following

theorem is based on evaluating the Fisher information matrix in the multinomial case.

7



It shows that V{ is the variance bound for (g, ¢p). Theorem 2 in the Appendix uses

multinomial approximation to extend the result to more general distributions.

THEOREM 1. Suppose that P has known, finite support and that (P, 6y, hg) satisfies
Conditions (C) and (PD). Then evaluating the Fisher information matrix gives V{ as the

variance bound for (g, ¢p).  (Proof in the Appendix.)
To interpret the bound for 6y, note that?
E[Gi(2, 00, ho(w™)) |w!] = 0 (t=1,...,T—1). (2.6)

Since, from (2.1), §; does not depend upon h to first order, the information bound based
on (2.6) in period t is F(G}X; Gy)—i.e., we proceed as if hy were known. Then, given
the conditional orthogonality in (2.3), we simply add up the information bounds for each
period.

In order to interpret the bound for ¢, suppose that 6y is known—the term KVyK’

accounts for the additional variance due to the estimation of 6y. Then consider
Var(ho — Hy' pr) = Var(hg) + Var(H7 " pr)

(since E(pr|w?) = 0). The term Var(hg) reflects the variance in estimating E[ho(w?)]
when hg is known and the w” distribution is unknown. The term Var(Hy Ypr) accounts
for the sampling variability in estimating hg when the w’ distribution is known, and when

the estimation is based solely on the terminal period moment condition, E(pr |w’) = 0.

To see this, consider the discrete case with mass points for w? at 7q,...,7;. Then
Elpr(2,60, ho(7y)) |w" =71 =0

suggests the sample analog



(with n; equal to the number of observations with w! = 7;), which leads to

~

Vnlho(7;) = ho(7;)]

=2 5 Oprentuholm)/on] L2 S pren ool

il =7 il =7
LW =T; LW, =T

[

Then

\/EZP{U)ZT = 7;}[ho(75) — ho(7;)]

~

Si-
-

n _
P{sz:Tj}; Z Hy' pr(zi, 60, ho(7;))

1 thT:q
T

<
Il

1 Z" _
= —% HTlpT(Z27907h0(w1,T))
=1

Now note that F(g; |w') = 0 implies that F(A;g;) = 0, provided that A; is a function
of w'. So including the term ), A;g; does not add bias, and the weights A; can be chosen
to reduce variance. In fact we have

T—1

Vo=, min  Blho—Hy'pr — do - Z Ay(w')g,]* + KVpK'. (2.7)
Here the variance reducing term is expressed in terms of the g;’s instead of the forward-
filtered residuals g;. The conditional orthogonality of the g; allows a simple explicit ex-
pression for the minimization problem in (2.7). So we can think of the terminal period T
as providing a direct estimate of ¢g, say dS(T). Then the earlier periods are used to form
mean-zero statistics that are correlated with QAS(T); a linear combination of these statistics
can be added to qu(T) to obtain the efficient estimate—see (3.3) in the next section for an
example of this.

The variance bound in Theorem 1 extends the bound in Chamberlain (1992a) to the

case of sequential moment restrictions. The framework here is, however, quite restrictive:
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h is a scalar-valued function of w”, instead of a vector whose components are allowed
to depend on various functions of w”. Nevertheless, this framework does encompass an
interesting set of panel data models with multiplicative random effects. The next section

shows how these panel data models fit into our semiparametric regression framework.
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3. MULTIPLICATIVE RANDOM EFFECTS

The general model is

di(2i,00) = Re(wl,00)e; + viy (3.1)

Eg|lw)=0 (i=1,...,n;t=1,...,T),
where d; and R; are given functions, and ¢; is a scalar latent variable that is free to vary

over the cross section but is constant over time. We are interested in 6y and in ¢pg = F(c¢;).

This model fits into the Section 2 framework as follows: dropping the ¢ subscripts, let

/)t(z, 97 h) = dt(z7 9) - Rt(wt76)h

Then

pe(2, 00, ho(w™)) = Re(w’, 0)[c — ho(w™)] + vy,

and so

Elpi(z, 0o, ho(w™)) | w'] = 0.

As in the general case, there is a simplifying transformation. Note that
H = Elopu(z, 00, ho(wT))/0h | wT) = —Ry(w, o).

It will facilitate developing operational estimators if we do not evaluate R; at 6y, as in the

transformation in Section 2. Instead we shall use the following transformation:

)\t(Z, 9) = pt(z7 97 h) - Rt(wtv 9>R;1(wT7 9>pT(Z, 97 h)

= dy(2,0) — Ry(w',0) R (w”, 0)dr (2, 0).

This transformation eliminates h, not just to first order as in Section 2. Versions of this

transformation have been used by Wooldridge (1991) and Chamberlain (1992b).
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Now we have sequential moment restrictions without having to deal with the non-

parametric function h:
EXi(z,6p) |w')=0  (t=1,...,T—1). (3.2)
The variance bound for 6 is obtained by forward filtering:
Ar_1(2,0) = Ap_1(2,0),
5\5(2, 0) = As(z,0) — F5,5+15\5+1(2, 0)
—...—FS’T_l/N\T_l(z,O) (s=T-2,...,1),
where
Dot = E[Xs(2,00) Me(2, 00) | w'] [E[S\f(z, 0o) | w']] - (s <t).

Then we have

Vy = {TZAE{E[W |wt] [E[X2(2, 60) |wt]]_1E[% W]H o

This coincides with the variance bound in (2.5) because
Ae(z,60) = Gi(2, 60, ho(w™))
and

E[0(z,00)/00' | w'] = E[0§,(2, 00, ho(wT)) /00" | w!].

The conditional moment restrictions in (3.2) lead directly to consistent, instrumental-
variable estimators. We can choose a function M; that maps the support of w! into R?

(t=1,...,T7 —1). Then we can form the moment function

U(0) = 30 M(whN(z,6),

where ¢ is p x 1 (as is ) and Ev(z,6y) = 0. Hence, under suitable regularity conditions
(see Hansen (1982)), the solution  to S (2, 0) = 0 satisfies NOCED) EEN N(0,Ay),

where

Ay — [EM] B0, 00102, ) [

o' (2,00)] "
e Ei] .

00
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An optimal instrumental-variable estimator has Ay = Vj. The solution in terms of
the 5\t is

My(w') = E 9e(z60) | w!

po [EX2(2,60) | w!] .

Then we can recursively obtain M; = M 1 and
My =My — My 1Tyyp— - — MiT'yy

for t = 2,...,T — 1. These optimal instrumental variables involve various conditional
expectation functions. They would have to be estimated using nonparametric techniques
such as those developed by Robinson (1987, 1991) and Newey (1990, 1992).

An alternative approach uses a sequence of generalized method-of-moments (GMM)
estimators based on an expanding set of instrumental variables, such as polynomials in w?.
Chamberlain (1992b) provides conditions on the sequence of instrumental variables such
that the asymptotic variance of the GMM estimator based on k instrumental variables
converges to Vy as k — oo. Hahn (1991) shows how k should be chosen as a function
of n in order for the sequence of GMM estimators based on k(n) instrumental variables
to have a limiting normal distribution with Vjy as the covariance matrix. This extends a
result Newey (1992) obtained for the case in which the conditional moment restrictions all
involve the same set of conditioning variables (i.e., w* = w for all t).

As for ¢, evaluating hg — Hy'pr in (2.7) gives
ho(w") — Hy ' pr(z, 00, ho(w™)) = R (w™, 60)dr (2, bo).

If 6y were known, we could use the following estimator of ¢q:

n

Qg = l Z {RT ( 90 dT ZZ) 90 Z At /\t Zz, 90)} (3.3)

i=1

— ¢p a.s. as n — o0
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since

B[Ry (w], 00)dr(zi,00)] = E(c;) = ¢
and

Then the asymptotic variance of qu could be reduced to

T—-1 2
min  E|Ry (w],00)dr(zi,00) — do — > At(wf)At(zi,Ho)} ,
t=1

A1, AT

which gives the first term in (2.7).

Note that our analysis has been based on the restriction that E(vy |w!) =0 in (3.1).
It would be of interest to derive an efficiency bound under the stronger restriction that
E(vit|wl,¢;) = 0. Ahn and Schmidt (1993) show that such an assumption can lead to

additional moment restrictions on the observable variables.

14



4. IDENTIFICATION PROBLEMS

Suppose now that the random effect is not scalar, but has two (or more) components.
We shall try to extend the transformation that was used in Section 3 to eliminate the
random effect. It turns out, however, that it is not possible, in general, to construct such
a transformation. This suggests there are identification problems in feedback models with
a vector of random effects. We shall provide some examples to illustrate these problems.

Let the vector of random effects be denoted by ¢} = (cy;, . . ., cy;) and write the model

as follows:
d(Zi, 00) = R(U)ZT, 90)61' =+ V;

E(vy |wh) =0 (t=1,...,7),

where d(z;,0) is a T x 1 vector, and R(w},0) is a T x J matrix with ¢*® row equal to
(R (wt, 0), ..., Rey(wk, 0)).

We would like to construct a (7" — J) x T transformation matrix of rank 7" — J
such that (dropping the i subscripts): (i) Q(w?, ) is upper-triangular (i.e., Qss(w?,8),
the (¢,s) element of Q(w”,0), is 0 for t > s); (ii) Qs(w?,0) depends only on w?*; (iii)

Q(wT,0)R(wT,0) = 0. Then

Q(wT, 00)d(z,0y) = Q(w™,0p)v = 1o

with
T
ﬁt — Z Qts(w 790)'05
s=t
and
E@|w)=0 (t=1,...,T—J)
Define



then we have

E)(z,00) |w']=0  (t=1,....,T—J).

So the problem reduces to a sequential set of conditional moment restrictions in which the
nonparametric component has been eliminated.
There is no problem in constructing such a transformation when J = dim(c) = 1 and

Rr(wT,0) = Rri1(wT, ) # 0 with probability one. For example, we can use

1 0 ... 0 —ngw;,egR;igw;’,eg

0 1 0 —Ry(w?, )R (wT, 6
Q™. 6) = . T ,

00 ... 1 —Ryr_1(wT 4L 0)R N (wT,0)

which gives the transformation used in Section 3.
Satisfying the three requirements for () is not, however, possible in general when

dim(c) = 2. Setting the last row of Q(w?, §)R(wT,#) equal to zero gives

T T
Z QT—Q,S(wS7 Q)Rsl(ws7 6) = 07 Z QT—Q,S(wS7 Q)RSZ(wS7 6) = 07
s=T-2 s=T-2

and so both Q7 _o.7(w?, 0) Ry (w?, ) and QT_Q’T(U)T, 0) Rr2(w”, §) must be functions of
w? =1, which implies that Ry (w?,8)/Rpa(w”,0) must be a function of w?~!; but this
would not be true in general.

The following example illustrates some of the identification issues:

Yi1 = C1; + C2:Ti1 + V41, E(vii|zin) =0 (4.1)

Yio = o + c15 + 2, Ti2 + V42, E(vig | zi1, xi2) = 0. (4.2)

Consider the following moment restrictions (dropping the 7 subscripts):
E(y1 —y2 + 0o — co(x1 — 22) | 71) =0 (4.3)
E(y2 — 90 — C1 — C2T2 | 331,332) =0. (44)
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These are equivalent to the moment restrictions in (4.1) and (4.2) because F(vy | x1,22) =0
implies that E(vy|z1) = 0, which, combined with E(v; — vy |z1) = 0, implies that
E(vi|z1) = 0. Since E(cy|x1,z2) is unrestricted, only (4.3) is relevant for the identi-
fication of #y and a conditional mean of cs.

Suppose that 1 and x5 are binary variables, equal to 0 or 1. Then identification must

be based on the following two equations:

E(yl—yg‘wl:O):—00—P<$2:1|$1:O)E(62‘$120,332:1)

E(yl—y2|$1:1):—90+P(l’2:0|1‘1:1)E(CQ|$1:1,ZL‘2:0).

These two equations are not sufficient to identify any of the three parameters 6y, E(ca | x1 =
0,29 = 1), or E(co|z1 = 1,22 = 0). We can, however, identify a certain convex combina-

tion of the ¢y conditional means:

[p1j0E(c2 |71 = 0,29 = 1) + poj1 E(c2|z1 = 1,22 = 0)]/(p1)0 + Poj1)

= [E(y1 —y2|z1=1) = E(y1 — y2 |21 = 0)]/(p1)0 + Poj1);

where po)p, = P(22 = a| 21 = b). The corresponding estimator is the instrumental-variable
estimator that uses (1, x1) as instrumental variables with y; —ys as the dependent variable
and with (1,27 — x3) as the explanatory variables.

Next we shall extend this example to show that the failure of identification for 6y is
quite general. We shall also gain some insight into when it is possible to identify some
convex combination of the ¢y conditional means.

Consider the following model:

Vit = Oyri + C1i + CoiTit + Vi (4.5)

E(vy |wh) =0 (t=1,...,7).

Here 75 is p x 1, x4 is scalar, w}, = (r},, i), and w! = (w;1,...,wi); rix can include

lagged values of the outcome variable as well as period effects.
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The moment restrictions in (4.5) have the following implications (dropping the i sub-
scripts):
E[yt_yt—l—l_gé)(rt_rt—l-l)_CZ(xt_xt—l—l)‘wt]:0 (tzl,,T—l) (46)

Elyr — 0)rp — 1 — coxp |w’] = 0. (4.7)
Note that (4.6) and (4.7) imply that
E(vp w1 =0, E(vp_1 —vp |wT 1) =0,

and so E(vp_1 |w?~!) = 0. Continuing recursively in this fashion shows that the moment
restrictions in (4.6) and (4.7) are equivalent to the moment restrictions in (4.5). In addition,

since E(c; |wT) is unrestricted, only (4.6) is relevant for the identification of 6.

PROPOSITION 1. Suppose that x; has finite support (¢t = 1,...,T) and that for any point
a in the support of w’, the distribution of z;;; conditional on w! = a is not degenerate

(t <T —1). Then 6y is not identified.

PROOF. Let the support of x; be {d1¢,...,0r,:}. We shall show that given an arbitrary
point § € RP?, we can construct E(é; |w™) such that (4.6) is satisfied with 6 replacing 6
and with E(¢ | w?) replacing E(cy | w?).

Set E(éz|w!) = 0. We shall recursively construct E(éz | wtt!) given E(éy |w?). We
can write (4.6) as

Elys — Y1 — él(Tt —Tey1) | wt]
Liya
=Y P(zp1 =641 | 0) (21 — 8j441) E(@2 | w', 41 = j.011). (4.8)
j=1
There are at least two distinct values for x;11 that have positive probability conditional
on w!; denote these values by Ok,++1 and 0y 41 (where k and | depend upon wt). Let
E(Gy | wh, w1 = ji41) =0 for j#korl

and
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E(éo | w", @41 = Ot41)
E(52 | wt, Ti41 = 5l,t+1)

_ <P($t+1 = 5k,t+1 |wt>($t - 5k,t+1) P($t+1 = 5l,t+1 |wt>(l’t - 5l,t+1>> '
P($t+1 = 5k,t+1 \ wt) P($t+1 = 5l,t+1 |wt)
% E[yt — Yt+1 — él(rt - T’t+1) \ wt]
E(éa|w?) '

The matrix is nonsingular because P(zi41 = g1 |w?) and P(zi41 = 041 |w') are
positive and 0 t41 7# 01,¢+1-

Now we have constructed E(és |w?, x441) such that (4.8) is satisfied and
E(é|w') = E[E(& |w', x441) | w'].
Complete the construction of E(é;|w!™t) by setting
E(Gy |w,rii1, 2441) = E(Go |w', 2441).
Then
E(e2|w') = E[E(&|w™) [w'].

Continue in this way until finally E(é |w”) is constructed from E(é |w”~1). Then § and

E(¢y | wT) satisfy (4.8) fort =1,...,T — 1. Q.E.D.

Even if 6y were identified, we may not be able to identify a convex combination of
conditional means of cy. The problem is that (x; — d;+11) in (4.8) generally changes
sign as we run through the support of z;,1. Conditioning on w' = a provides a convex

combination of E(cy |w® = a,x¢41 = d;441) only if
P(x; <xipq|w'=a)=1 or Px;> x4 |w' =a)=1. (4.9)

Our first example had x; = 0 or 1 for ¢t = 1,2. Hence (4.9) was satisfied. But if, for example,
the support of zo conditional on 21 = 0 is {—1,1}, and the support of z2 conditional on
x1 = 1 1is {0,2}, then we would not be able to identify a convex combination of the
E(cy|x1,22) values. More generally, the identification prospects diminish as the support

of x; becomes richer.
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APPENDIX

A.1 Proof of Theorem 1

The conditional moment restrictions in Condition (C) are, in the multinomial case,
equivalent to a finite set of unconditional moment restrictions. We show this by setting
up dummy indicator variables that pick out the support points of the distribution of w?®.
Let Xy = {71,...,7u,} be the support of the distribution of w’. Define d;;: X; — R by

dij(a) =11if a = 7¢; and = 0 otherwise. Define

bi(z,0,)) dy (wh)pa (2,0, 37, Ajdr;(wT))
(20,0, 0) = 5 - 5 ,
. ) Yr(2,0,)) dr(wT)pr (2,0, 570, Aidr;(wT))

where d} = (dy1,...,dy,). Then fort =1,..., T2

It
Eli(2,0,N)] = E[di(w") E[pi(2,0, Y Ajdr;(w")) [ w']]

J=1

P{w' = 1} Elpi(2, 9, Z;’il Ajdrj(wh)) |wh = 741]

Y

P{wt = Ttlt}E[pt(Z7 97 ZéT:l )‘dej (wT)) ‘ w' = Ttlt]
and
It
Elprii(z,A 6)) =0 — > P{w” =77}
j=1
So if we set h(7rj) = Aj, then E[i:(z,6, )] = 0 implies that
E[pt('z? 07 h(wT)> | wt] = 07

and E[Yr41(z, A, ¢)] = 0 implies that

¢ = E[h(w")).
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In addition, with Ag; = ho(7r;), Condition (C) implies that
E[w(za 907 )\07 ¢0)] =0.

It is shown in Chamberlain (1987, Lemma 2) that, in the multinomial case, the Fisher
information bound for py under the restriction that E[i)(z, o)) = 0 is

(2,

7o = B[ P2 (g e oy e o [P0

o'
This lemma requires that E[¢(z, po)Y'(2, 1o)] is nonsingular and that E[0v(z, o) /0]
has full column rank; (PD) implies that these conditions hold.

Let ufy = (0, Ny, do). We shall construct an equivalent moment function, ¥(z, ) =
Av(z, 1), where the matrix A is nonsingular, so that Jy=Jyp.

Define A; such that

Y1 — Biyr
o

Aldj = ’
Yr

Y41

where 9 is evaluated at (z, u) with p' = (6, N, ¢). Define B to be a matrix of 0’s and 1’s

such that Bidr(w?) = dy(w') and let

By = Bidiag{H:(rr1)Hz " (t11), - . .. Hi (T ) Hy (7102

where Hy(a) = E[0p:(z, 0o, ho(w?))/0h | w? = a]. Then

Hy(rr1)Hy (r1)dry (wT)
Bidr(w”)pr = B} : pr

Hi(trip)Hy  (7rig )y (wT)

= Bidr(w")Hy(w")Hy ' (w”)pr
= dy(w")Hy(w")Hy ' (w")pr,
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and so
U1 = Bigr = di(w')[p1 — Hi(w")Hy ' (w")pr]

— dl(wl)gb

where p1, pr, and g7 are evaluated at (z, 6, ZéTzl Njdrj(wT)).

With As, ..., Ar_q defined in a similar fashion, we have
d1g1

AT—l X oo X AlﬂJ = dT—l'gT—l = ’QD*

drpr
Y141

Note that Ap_1 X --- X A; is nonsingular, since it is upper triangular with ones on the
diagonal.
It is shown in Chamberlain (1992b, p. 24) that there is a nonsingular matrix A* such

that
dig1

where g; is defined in (2.2).
Since E[0g:(z, 00, ho(w™))/Oh|w!] = 0, we have

Eloi.p)/on) = (11 1)

where

Gi(a) = E[0§:(2, 00, ho(w™)) /06" | w' = d,

P(Ttl)ét(Tﬂ)
Ny = Eldy(w")Gy(w")] = : )

P(Ttlt)Gt(Ttlt)
N
Iy = : ,
Nr_y
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with P(7;) = P{w' = 7, };

Dr(a) = E[0pr(2, 00, ho(w™)) /00" | wT = a,

P(rr1)Dr(T11)
M = Eldr(w?)Dr(w?)] = : :
P(rr1.)Dr(T714)
M
Iy = ( 0 ) ;
¢ = —E[dy(w")] = =[P(rr1), - - ., P(r11,.)],

Q = E[E[dpr(z, 00, ho(w"))/0h | w" Jdr (w")d (w")]

= diag{ P(771)Hr(711), - - -, P(T71: ) HT (T111.) },
Q 0
I's = <c’ 1) '

Next we shall derive E(0)’). §: and pp are evaluated at (z, 6, ho(w™)), and hg is
evaluated at w”. We shall also simplify notation by letting E( - | 7¢;) denote E( - |w® = 74;);

for example, E(g:ho | 7¢;) denotes E(giho | w! = 7¢;).

Bl (o) (ol =0 = (1 12 )
where

\1111 = diag{P(Tn)il(TH), ey P(Tlll)i:l(Tlll)a ey

P(rr—11)Sr—1(tr=1,1), -, P(rr—1,00 1 ) 211 (Tr=1,00_4) }

(since F(§sge | w?) = 0 for s < t), where 3,(a) = E(§? | w' = a). Order the support points
so that 7441.1,...,T¢t41,k, €ach has 74 as the first set of components, Try1 k41, .-+, Te+1 ks
each has 745 as the first set of components, and so on; then

Ch I

Uiz =Ty = : :
Cr—1 Fr—q

where
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0 ... 0 ]
q61 q,§2 0 P(Ttl)E(gth0|Tt1)

Ot: ) Ft:_

o 0 ... qlltlt P(1u,)E(giho | Ta,)

with ¢;; a column vector with elements of the form P(7r;)E(gipr | 7r) for | such that
711 has 7 for its first set of components—which we denote by 7;; € 77y, so that ¢;; =

(P(TTZ>E(§tPT | TTZ)){lith €Tri}-

_ ((diag{P(rr;)E(p% | ;) }', 0
Vo2 = ( ° 0 ’ Var(ho)) '

Let
Qi Qo r, 0y .1 (F1 0 )
Q= = U : Al
( Qo1 Qoo ) (Fz I's ) Iy I3 (1)
and let Q7% denote the (4, k) block of Q~!. Then (see Chamberlain (1992b, lemma 1))

Vol = (@) = T T

=) Nidiag{P " (74;)%; (74 Yoy Ve

where G; = E(0§,/00" | w') and ¥, = E(§? | w') with §; evaluated at (z, 6o, ho(wT)).
Let W/ denote the (j, k) block of U1 (j, k = 1,2). We shall derive W22,

U2 = (Uyy — ‘1’21‘1’1_11‘1’12)_1;

_ Wi W
vavite = () )

where
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T-1
Wi = Z diag{ P~ (1:1)2; " (111)@nnqhrs - - P~ (7w, )57 (7, ) qu, a3

t=1

71 [ @12 (70) E(Giho | T41)
Wia =Wh ==Y : :
=1\ qu, 27 N (ru,) E(Geho | T,

WQQ—ZE gth0|w )] 1].

Let

M = (Mll M12

_ B 1
Moy Mzz) = Wyy — WUy Wi, Vo

Then

My = diag{P(rr;) E(p% | 77;)};21 — W,

My = MYy, = —Wha,

Mgg—val'ho ZE gth0|w)]2 }

If @ and b are functions mapping the support of w” into R, and if

"= (CL(TTl), ey CL(TTZT))

b, = (b(TT1>, .. .,b(TTlT>),

S]

then

- Z E[Ela(w")gipr | w S Eb(w")gipr | w']]
and
o/ Mz =Y E[E(Giho |w")Ela(w")gipr | w5, ]
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Next we shall derive Q55 .

Qoy = T 02T
~1
_ Q c My Mo Q 0
0 1 M21 M22 C/ 1 ’
Q-1 — Q™' 0\ [(Mu Mp)[(Q" -Q7'c

22 —C/Q_l 1 Moy Moo 0 1 ’
(92_21)22 = Moy + Q' M11Q e — Mo1Q te — Q7 Mo,

where (Q55 )22 denotes the element of Q' in the lower-right corner.

dQ7 = _[H;1(7T1)7 EEX! H;1<TTZT)]7

Q' M11Q e = E(H:?p%)

T-1
=Y E[[E(Hp ' gipr | w7,
t=1

T—1
—~dQ 7'My = ) | E[E(giho |w')E(H7 ' ipr | w')S; ],
t=1

where Hy = Hy(w'). Hence

T-1
(255 )22 = Var [ho —Hy'pr =) Atf]t}
=1

where
Ay = E[(ho — Hy ' pr)ge | w']S7 .
Next we shall derive 22.
022 — 92—21 + 92—2192191191292—21
where
Qoy Qo1 = (T5T22T3) "1 (TLU2T + T50%T,)
= T3 0y U Ty +T5'Ty;
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%153;1(7}1)@15(7}1)

T-1
_ _ Q! 0 :
; —cQ 1 qi, Et_l(ﬁlt)GtN(Ttlt)N
—E[E(giho |wt) S Gy

- ( i—1 B[E[(ho - HLflpmt w5 Gy )

(we shall not need to evaluate L);

_ - Q! 0 MY\ Q'M )
e (G ) ()= (k)

—dQ™'M = E(H;'Dr),

where Dy = Dp(wT).
Since Q' = Vj, we have

T-1

V¢ = (922)22 = Var [ho - Hfl_wlpT - Z Atgt:| + KVQK/
t=1
where
T—1 .
K =Y E(MG)+ E(H;'Dr).
t=1

Finally, we shall obtain V.
Q21 — _92—21921911‘

Hence

Voo = Vi = —KVs.  QE.D.

A.2 The Minimax Bound for the General Case
We have shown that Vj is the variance bound in the multinomial case. Since we can
construct such a multinomial distribution in any neighborhood of a general distribution

P, we can show that Vj is the local minimax bound in the general case.
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We shall need to consider neighborhoods of (P, 6y, hg). The neighborhoods of P are
defined as follows: let D be the set of all probability measures on the Borel subsets of R™;

we define the basic neighborhoods of P to be sets of the form

{QED:|/fde—/fde|<€j, jZl,...,k‘},

where €; > 0, k is some integer, and the f;: R™ — R are measurable functions such that
[ 1fj|dP < co. An arbitrary neighborhood of P is formed by taking unions of sets of this
form.

The neighborhoods of hy are assumed to satisfy the following property: given any
neighborhood ¥ of hg and given a finite subset {ai,...,ay} of the P-support of w7,
there is an € > 0 such that if (; € R and |(;| < ¢, then there is an A € ¥ such that
h(aj) = ho(a;) + ¢ for j = 1,..., k. (Sup-norm neighborhoods will do: if ¥ consists of
the measurable h mapping the P-support of w’! into R such that ||h — hg|| < € then
if € < € we can set h(a;) = ho(a;) + ¢; and h(a) = ho(a) for a ¢ {a1,...,ax}.) Then,
with Euclidean neighborhoods for 6, the neighborhoods of (P, 8y, h) are formed using the
product topology.

We shall use the following class L of loss functions: [ € L if for all o, 5 € R,

(i) l(a) = I(le);

(i) |l < 5] implies I(er) < 1(B);
(iii) /OO l() exp(—1Aa?) da < oo for A > 0;

(iv) 1(0) = 0.

THEOREM 2. Suppose that (P, 0, hg) satisfies Conditions (C) and (PD). Let ¥ be any
neighborhood of (P, 8y, hg) and let I" be the subset of ¥ such that Conditions (C) and (PD)
are satisfied for all (Q, 6, h) in . Define ¢ = Eg[h(w™)]. Let a5 be the s component of

o = (0,¢) and let T, (21, ..., 2,) be any (measurable) estimator of as. Then for any loss

28



function [ € L, we have

liminf sup Eg{l[vn(T, — as)]}
n—oc (.9 h)el

> (2m)"1/2 / l(oou) exp(—3u?) du,

— 00

where 03 is the (s, s) element of V.

The proof of Theorem 2 is similar to that of Theorem 1 in Chamberlain (1992a). It

relies on the following auxiliary results.

LEMMA 1. Let z be a m-dimensional random vector; let w; be a set of components of z
and define w! = (wy,...,w;) for t =1,...,T. Then given a probability measure P defined
on the Borel subsets of R™ and a measurable function f:R™ — R" with Ep| f| < oo,
there exists a probability measure M, with support a finite subset of the support of P,

such that

En(f) = Ep(f), (A.2)

and for each point a in the M-support of w'

Ey(f|w' =a)=Ep(f|w" = a); (A.3)

furthermore, given any Borel set A with P{w! € A} = 1, the M-support of w'’ can be

chosen to be a subset of A (t=1,...,T).

PROOF. For a in the P-support of w', define q;(a) = Ep(f|w! = a). From Cham-
berlain (1992a, Lemma A1), given a Borel set A with P{w! € A} = 1, we can con-
struct a probability measure M; with support a finite subset of A such that Eys,(q1) =
Eplq(wh)]. Given M; and a point a in the support of M;, construct the probability

measure M1 (dw;y1 | w! = a) with finite support such that

Enryyy (g1 | w' = a) = Ep[gia (™) [w® = a).
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Then define the probability measure M;;1 by My 1 (dw'™) = M1 (dwsy1 | w?) M (dw?).

Given a Borel set A with P{w'T! € A} = 1, we can choose the support of
My (dwi |w' = a)

so that the support of My, is a subset of A. (See the proof of Lemma 1 in Chamberlain
(1992a).) In this way we construct Ms, ..., M.
Given a point a in the support of Mr, construct the probability measure M (dz | w? =

a) with finite support such that
Eu(f|wh =a) = Ep(f|w" = a). (A.4)

Then define the probability measure M by M (dz) = M (dz |w?) Mz (dw™). We can choose
the support of M (dz|w? = a) such that the support of M is a subset of the support of P.
Now check that M satisfies (A.2) and (A.3). It follows from (A.4) that (A.3) holds

for ¢t = T. Suppose that (A.3) holds for s = T,...,t 4+ 1; then for each point a in the
M-support of wt,
BEy(flw' = a) = Ex[Ex(f[w™) |w' =]
= Em[Ep(f|w'™) [w' = d]
= By (G | w0' = a)
= Eplgr1(w™) |w' = ]
= EplEp(f|wt) [uf =
= Ep(f|w' =a).
Hence (A.3) holds for t =1,...,T. As for (A.2),
BEy(f) = Ex[Bum(f[wh)] = Ex[Ep(f|wh)]

= B, (@1) = Ep[q(wh)] = Ep(f).  QED.

We are given a Borel subset Z C R", an open subset & C RY, and a function

Y:Z x & — R® such that for each p € &, ¥(-,pu): Z — R is measurable, and for each
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z € Z, 0vY/0ou is continuous on ®. Let Q be a probability measure whose support is a
1

subset of Z. We shall consider pairs (@, pt) that satisfy the following condition:

CONDITION (Cq). (i) p € @; (ii) Eg[¢(z,p)] = 05 (iil) Egly(z, u)y' (2, 1)] is positive-
definite; (iv) rank Eq[0y(z, p)/0n'] = w.

Lemma 2 is taken from Chamberlain (1987, Lemma 1). (The continuity in z of ¢) and

0 /0p’ was assumed but not used in the proof.)

LEMMA 2. Suppose that (M, ug) satisfies Condition (C;) and that M has finite support
{m,...,n-}. Then there is an open set A C R® (s = r — (a —w) — 1) and a family
of probability measures { M., : v € A} such that for all v € A: (i) M, has support
{m,...,n.}; (ii) (M,,~") satisfies Condition (C7), where ! contains the first w elements
of v; (iii) there is a 79 € A with 7§ = po and M., = M; (iv) m;(y) = M,{n;} is a

continuously differentiable function of v (j = 1,...,7), and

. -1 87Tj 87Tj
7= 3w ) TR

j=1
is positive definite.

PROOF OF THEOREM 2. Use Lemma 1 to construct M with finite support such that
(M, 60, hg) € T and V (M, by, hg) = Vo. With ¢ and pg defined as in the proof of Theorem
1, it follows that (M, ug) satisfies Condition (C;). Hence we can use Lemma 2 to construct
a family of probability measures {M.,, v € A} such that (M., ~') satisfies Condition (C).
Partition 7! into v’ = (0", N, ¢), where 0 is px 1, Ais Iy x 1, and ¢ is scalar. The support
of M, coincides with that of M and so the M, -support of w' is {1,...,7y,} (using the
notation in the proof of Theorem 1). E 1 (z,v") = 0 implies that E [pe(2, 0, h(w™)) |
w' =1] =0for j =1,...,1; provided that h is defined so that h(rr;) = A; (j =1,...,17).

Hence there is a § > 0 such that (M,,0,h) € T if ||y —70|| < 6. Let ¢ be the s*' component
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of v if s < p; otherwise ( is the final component. Then

liminf sup  Eg{l[vn(T, — as)]}
N0 (Q,0,h)eT

> liminf sup EMV{Z[\/E(Tn -]}

OO Iy =0l <8

> (27)~1/2 / (o) exp(—Lu?) du,

— 00

where 03 is the (s, s) component of Q71 in (A.1) if s < p; otherwise o7 is the component
in the lower-right corner. The second inequality follows from Theorem 1 in Chamberlain
(1987), which shows that the information bound is given by € in the multinomial case.

Then the proof of Theorem 1 shows that o3 is the (s, s) element of Vj. Q.E.D.
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FOOTNOTES

* 1 am grateful to Ronald Gallant, Guido Imbens, Jinyong Hahn, Bo Honoré, and
Whitney Newey for helpful discussions and comments. Financial support was provided by
the National Science Foundation.

1 'We shall generally omit the “with probability one” qualifier when we specify a
conditional expectation.

2 Honoré (1990) extends this approach to include a lagged dependent variable.

3 We shall simplify the notation by omitting the P subscript from the expectation
(E = Ep).

4 We shall simplify the notation by letting £ denote Ep.
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