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ABSTRACT. We consider estimation of a dynamic distribution regression panel data
model with heterogeneous coeflicients across units. The objects of interest are func-
tionals of these coefficients including linear projections on unit level covariates. We
also consider predicted actual and stationary distributions of the outcome variable.
We investigate how changes in initial conditions or covariate values affect these
objects. Coeflicients and their functionals are estimated via fixed effect methods,
which are debiased to deal with the incidental parameter problem. We propose a
cross-sectional bootstrap method for uniformly valid inference on function-valued
objects. This avoids coefficient re-estimation and is shown to be consistent for a
large class of data generating processes. We employ PSID annual labor income data
to illustrate various important empirical issues we can address. We first predict the
impact of a reduction in income on future income via hypothetical tax policies. Sec-
ond, we examine the impact on the distribution of labor income from increasing the
education level of a chosen group of workers. Finally, we demonstrate the existence
of heterogeneity in income mobility, which leads to substantial variation in indi-
viduals’ incidences to be trapped in poverty. We also provide simulation evidence

confirming that our procedures work well.

Keywords: distribution regression, individual heterogeneity, panel data, uniform

inference, labor income dynamics, incidental parameter problem, poverty traps

1. INTRODUCTION

Empirical studies increasingly feature analyses of data comprising repeated obser-

vations on the same or similar units. While the most common example is panel data,
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many of its attractive features are found in other data structures, such as network
and spatial data. From an econometric perspective, the availability of panel data nat-
urally accommodates a treatment of time invariant unit-specific heterogeneity (see,
for example, Mundlak 1978) and also provides internal instruments in the presence
of time varying endogeneity (see, for example, Hausman and Taylor 1981, Arellano
and Bond 1991). It also facilitates the estimation of dynamic relationships within
unit, or contemporaneous relationships between units. However, a feature of the
panel data literature is its limited treatment of parameter heterogeneity. Although
the random coefficient panel model allows heterogeneous coefficients between units,
and some recent developments that we discuss below incorporate heterogeneous coef-
ficients within units, there are relatively few studies that incorporate heterogeneous
coefficients both between and within units.!

We consider panel models with coefficient heterogeneity between and within units,
using a dynamic distribution regression model with heterogeneous coefficients. This
model captures within unit heterogeneous relationships between outcome and covari-
ates through function-valued coefficients, and between unit heterogeneity by allowing
the coefficients to vary across units in an unrestricted fashion. The objects of interest
are functionals of the coefficients including linear projections on individual covari-
ates and predicted distributions. We also consider the impact on these objects from
manipulating the values of the initial conditions of the outcome or the covariates.
We consider both one-period-ahead and stationary counterfactual distributions to
measure the short and long term effects of these changes.

Our proposed estimator employs fixed effect methods, which allow an unrestricted
relationship between the unobserved unit-specific heterogeneity, the covariates, and
the initial conditions. Estimation and inference consists of four steps. First, we
estimate unit-specific coefficients by distribution regression exploiting the time series
dimension of the panel. Second, we estimate the functionals of interest using the
plug-in method. It is necessary to debias the resulting estimates to account for the
incidental parameter problem (Neyman and Scott, 1948). Third, we construct plug-in
estimators of quantiles and quantile effects of the counterfactual distributions. Fourth,
we perform inference using a cross-sectional bootstrap method which resamples with
replacement the estimated coefficients of the units and avoids the computationally

expensive first-step estimation. We show how to construct confidence bands and test

Exceptions include Chetverikov et al. (2016), Okui and Yanagi (2019), Zhang et al. (2019) and
Chen (2021), which are discussed in the literature review.
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hypotheses for the quantiles and quantile effects, which are uniformly valid over a
prespecified region of quantile indexes.

We derive novel inferential theory of wider interest for estimating functionals. The
novelty lies in the unknown degree of heterogeneity that may affect both the rate of
convergence and the asymptotic distribution, making them unknown and continuously
varying across different assumptions on the heterogeneity. We identify an important
problem with traditional analytical plug-in methods in performing inference in models
with heterogeneous coefficients. We show these methods are very sensitive to the
degree of heterogeneity as measured by the variance of the coefficients unexplained
by the covariates. Formally, we establish that analytical methods break down in data
generating processes where there is coefficient homogeneity or, more broadly, when
the degree of heterogeneity is sufficiently small relative to the sample size. Both the
rate of convergence and the asymptotic distribution of the estimated quantities are
unknown and may vary depending on the unknown degree of heterogeneity. However,
we prove that a simple cross-sectional bootstrap method is uniformly valid for a large
class of data generating processes including the case of homogeneous coefficients.

Our methodology is applicable to a wide range of settings and we employ it to ex-
amine labor income dynamics. This is an important research area with a large litera-
ture, starting with Champernowne (1953), Hart (1976), Shorrocks (1976) and Lillard
and Willis (1978), but now also including a long list of papers featuring econometric
innovations. We apply our model to the Panel Study of Income Dynamics (PSID)
data to perform experiments corresponding to various counterfactual analyses which
cannot be conducted via existing methodologies. First, we consider how a reduction
in annual income in a given year, implemented via a flat or progressive tax, affects
future annual labor income. We find that the predicted effect on the cross-sectional
distribution of labor income after one period varies substantially after we account for
heterogeneity in the level and persistence of income. Interestingly, our model predicts
significantly smaller effects than do models that impose homogeneous effects. Sec-
ond, we consider a hypothetical scenario that assigns 12 years of schooling to those
individuals who have not completed high school. We find important short and long
run distributional effects as it increases the incomes of those in the lower tails of the
one-period ahead and stationary labor income distributions. However, it has little
effect on their upper tails. This exercise, which cannot be analyzed using traditional
homogeneous autoregressive models, illustrates the importance of individual char-

acteristics in earnings dynamics. We also investigate a number of issues related to
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heterogeneity that have implications for poverty and income inequality. We uncover
substantial cross-sectional heterogeneity in the level and persistence of annual labor
income and identify the responsible individual characteristics. We show that this
heterogeneity has implications for an individual’s tendency to remain below or above

specific quantiles of the income distribution.

1.1. Relationship with existing literature. The literature examining labor in-
come processes has typically focused on allocating the total error variances into tran-
sitory and permanent components. A summary is provided in Moffitt and Zhang
(2018) and two important recent innovations are Arellano et al. (2017) and Hu et al.
(2019). The first examined nonlinear persistence in the permanent component and
how it varies over the earnings distribution. The second allowed for a flexible repre-
sentation of the distributions of both components. Our approach is not intended to
supersede these methodologies. Rather, we examine earnings dynamics to illustrate
how we can complement these earlier studies. However, the approach most similar to
ours is Arellano et al. (2017). While that paper also focused on the impact of earnings
on consumption, an important feature is the treatment of the persistence in the earn-
ings process. They considered a dynamic earnings process with nonlinear persistence
that can vary by location in the earnings distribution. While our approach does not
nest the models above, it does incorporate a generalized linear process which not only
varies by location in the earnings distribution but also across workers. This cannot
be accommodated by existing approaches. Moreover, we allow persistence to be a
function of both observed and unobserved individual characteristics. Our analysis of
income mobility and persistence relies on a representation of the model as a discrete
Markov chain when labor income is treated as discrete. Champernowne (1953) and
Shorrocks (1976) previously used Markov chain representations of the labor income
process to analyze the same issue. We allow unrestricted heterogeneity across work-
ers by estimating a separate Markov chain for each worker.? Finally, Hirano (2002)
and Gu and Koenker (2017) estimated autoregressive labor income processes using
flexible semiparametric Bayesian methods.

The model we consider differs from the traditional random coefficients model of
Swamy (1970), Hsiao and Pesaran (2008), Arellano and Bonhomme (2012), Fernandez-
Val and Lee (2013) and Su et al. (2016), among others, as we allow for heterogeneous

Lillard and Willis (1978) considered an alternative method to separate permanent and transitory
income and incorporate worker heterogeneity using a parametric linear panel model.



DYNAMIC HETEROGENEOUS DISTRIBUTION REGRESSION 5

coefficients both between and within units. It is more flexible than existing distri-
bution and quantile regression models with fixed effects that allow the intercepts
to vary across units but restrict the slopes to be homogeneous. See, for example,
Koenker (2004), Galvao (2011), Galvao and Kato (2016), Kato et al. (2012), Arellano
and Weidner (2017), and Chernozhukov et al. (2018a). Chetverikov et al. (2016),
Okui and Yanagi (2019), Zhang et al. (2019) and Chen (2021) are the closest pa-
pers to ours. Okui and Yanagi (2019) provided methods to estimate distributions of
heterogeneous moments such as means, autocovariances and autocorrelations. The
model and objects considered there are very different from ours. Zhang et al. (2019)
proposed a quantile regression grouped panel data model with heterogeneous coeffi-
cients, but where the distribution of the coefficients is restricted to have finite support.
Chetverikov et al. (2016) and Chen (2021) develop models similar to ours. They tar-
geted projections of the model coefficients as the objects of interest, but, unlike here,
did not consider counterfactual distributions. Chetverikov et al. (2016), Zhang et al.
(2019) and Chen (2021) focused on models with strictly exogenous covariates, which
rule out dynamic models that include lagged outcomes as covariates. Moreover, their
methodology is also based on quantile regression. Distribution regression has several
appealing features in our setting including: (i) It deals with continuous, discrete and
mixed outcomes without modification, and (ii) it yields simple analytical forms for
the functionals of interest. In this sense, we extend the use of the distribution regres-
sion of Foresi and Peracchi (1995) and Chernozhukov et al. (2013) to panel models
with random coefficients.

Bias correction methods based on large-T asymptotic approximations for fixed
effects estimators of dynamic and nonlinear panel models were studied in Nickell
(1981), Phillips and Moon (1999), Hahn and Newey (2004), Ferndndez-Val (2009),
Hahn and Kuersteiner (2011), Dhaene and Jochmans (2015), and Ferndndez-Val and
Weidner (2016), among others. We refer the readers to Arellano and Hahn (2007)
and Fernandez-Val and Weidner (2018) for recent reviews. We extend these debias-
ing methods to functionals of the coefficients such as projections and counterfactual
distributions. The cross-sectional bootstrap was previously used for panel data as a
resampling scheme that preserves the dependence in the time series dimension, e.g.,
Kapetanios (2008), Kaffo (2014), and Gongalves and Kaffo (2015). We demonstrate

that it also has robustness properties in models with heterogeneous coefficients.

1.2. Outline. The rest of the paper is organized as follows. Section 2 presents the

model and objects of interest. Section 3 discusses estimation and inference including
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an issue with standard inference on models with heterogeneous coefficients, which is
solved with the use of a cross-sectional bootstrap scheme. We present the empirical
application in Section 4. Section 5 establishes asymptotic theory for our estimation
and inference methods. Section 6 reports simulation evidences. Proofs and additional

results are gathered in the Appendix.

2. THE MODEL AND OBJECTS OF INTEREST

2.1. The model. We observe a panel data set {(yy, xy) : 1 < i < N,1 <t < T},
where ¢ typically indexes observational units and ¢ time periods. The scalar variable
yi: represents the outcome or response of interest, which can be continuous, discrete or
mixed; and x; is a d,-vector of covariates, which includes a constant, lagged outcome

values, and other predetermined covariates denoted by v, that is

Ly = (17 Yi(t—1)5 - Yi(t—L)» 'U;t)/-

Let F;; be a filtration over ¢ that includes x;; and any time invariant variable for

unit <. We model the distribution of y;; conditional on F;; as, for any y € R,
Pr(yu <y | Fa) = M—alB(y), 1<t<T, 1<i<N,  (21)

where A : R ~ [0, 1] is a known, strictly increasing link function® (e.g., the standard
normal or logistic distribution CDF), and y — —},3,(y) is increasing almost surely
(a.s). The model is a distribution regression model for panel data with heterogeneous
coefficients. We allow the coefficient vector 3;(y) to vary both between i and within
1 over y. For example, in the empirical application, the intercept is a fixed effect
that measures the level of the distribution, whereas the coefficient of lagged labor
income measures persistence. Both level and persistence coefficients are heterogeneous
between and within workers. The model also embodies a Markov-type condition for
each individual as only the first L lags of the outcome and contemporaneous values
of the other covariates determine the conditional distribution of ;;.% It also imposes
an index restriction on the effect of x;;. This restriction can be considered mild as
the coefficient 3,(y) varies with ¢ and y, and can be further weakened by replacing
x; by T(x;), where T is a vector of transformations of x;. Our theory would still

apply provided that T is known and has a fixed dimension.

3We could allow A to vary across i and y, but we do not pursue those extensions here. One could
also allow A to be unknown via the use of semiparametric methods.
4Lagged values of the covariates can be included in v;;.
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The heterogeneous distribution regression (HDR) model in (2.1) encompasses other

commonly used models. For example, the homogeneous location-shift model
Yie = B+ o, it | Fiu ~ A,

is a special case of HDR with 3,(y) = (8 — e1y)/o, where e, is a unitary d,-vector
with a one in the first position. This model imposes that all components of 3,(y) are
homogeneous across ¢ and only the intercept can vary across y. Another important

case is the homogeneous location-shift model with fixed effects
Vi = T8+ a; + ogy, € | Fir ~ A

This is a special case of HDR with 3,(y) = [3 —e1(y+«;)]/o. It is more flexible than
the location-shift model as the intercept is heterogeneous across ¢, but it imposes
strong homogeneity restrictions compared to HDR. The cross-sectional version of
the distribution regression model of Foresi and Peracchi (1995) and Chernozhukov
et al. (2013) imposes the restriction 3,(y) = B(y), which allows for heterogeneity
within the distribution but not between units. We refer to this as the homogeneous
DR model. The panel distribution regression model of Chernozhukov et al. (2018a)
imposes 3,(y) = B(y) +e1a;(y), which allows for heterogeneity in the intercept across
1, but restricts the slopes to be homogeneous between units.

When y;; is continuous, the HDR has the following representation as an implicit

nonseparable model by the probability integral transform
_w;t/gi(yit) = cit, €it | Fu ~ A

The rank of the error €, A(e;), can be interpreted as the unobserved ranking of
the observation y;; in the conditional distribution. The previous representation re-
duces to the homogeneous location-shift models described above by imposing suitable

restrictions on 3;(y).
2.2. Objects of interest. We are interested in the following types of objects.

2.2.1. Projections of B3;(y) on Covariates. Let w;, z; € F;; denote time invariant
covariates such that dim(w;) > dim(z;) and E(w,z}) have full column rank. Consider

the instrumental variable projection of 3,(y) on z;:

Bily) =0(y)zi +v,(v), E(v;(y) | w:) =0, (2.2)

which covers the standard linear projection by setting w; = z;. This object is useful

for exploring which covariates are associated with the heterogeneity in 3,(y) across 1,
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where we allow these associations to vary within the distribution as indexed by y. For
example, in the empirical application, we explore whether initial income, education,
race and year of birth are associated with differences in the level and persistence of

labor income at different locations of the income distribution.

2.2.2. Cross-sectional Distributions.
Actual and predicted distributions: By iterating expectations, the cross-sectional
distribution of the observed outcome at time ¢ can be written in terms of the model

coefficients as
Fi(y) == El{ys <y} = EE(1{yir <y} | Fir) = EA(—2,8,(y)), (2.3)

where the expectation E; is taken with respect to the joint cross-sectional distribution
of the variables in F;; at time .

This representation serves several purposes. First, it is the basis for a specification
test of the model where an estimator of (2.3) is compared with the cross-sectional
empirical distribution of y;;. Second, in pure dynamic models where x;; only includes
lagged values of y;;, we can construct one-period-ahead predicted distributions by
setting ¢t = T'+ 1. These distributions are useful for forecasting. Third, we can
analyze dynamics of the distribution of y;; over time. In the empirical application,
for example, we analyze labor income mobility and the persistence of poverty traps.
Fourth, we can consider the impact of interventions by comparing the counterfactual

distribution after some intervention with the actual distribution.

Counterfactual distributions: From (2.3), we can construct counterfactual distri-

butions by manipulating the covariates x; and/or the coefficients 3,(y), that is

Gi(y) = EA(=hir(2) B (y)), (2.4)

where h;; is a possibly data dependent transformation, and

Bi(y) = 0(y)g(z:) +7:(y) = Bi(y) + 0(y)[g(zi) — zil,

for a known transformation g of the time invariant covariates z;.
We provide examples of h; and ¢ in the context of the empirical application.
Starting with h;, we can study the effect of a proportional reduction of labor income

in the previous year using the transformation

hit(2i) = (layi(tfl) +log(1 — k))', (2.5)
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where y;;—1) is measured in logarithmic scale and « is the tax rate. This can be
interpreted as a proportional or flat tax. Another example where the transformation
h; is data dependent is a progressive reduction of labor income in the previous year

depending on the ranking in the distribution. This could be implemented as

R /
hit(xit) = (1,yi(t—1) + log(1 — 77&)) o ki = Ef(H{yig—1) < y})|

which can be interpreted as a progressive tax where the tax rate is half of the ranking

(2.6)

Y=Yi(t—1)’

of the worker in the distribution. These tax exercises are interesting as we can evaluate
their impact on future labor income operating through the inherent dynamics.
Turning to g, we can consider a hypothetical scenario at time ¢ that increases
the number of years of schooling to 12 for those workers with less than 12 years of
schooling. If z; = (214, 2 17z4)’ , where z1; is the observed years of schooling of worker ¢
and z_;; includes the remaining components of z;. This counterfactual scenario can

be implemented via the transformation
g(ZZ) = (max(zli, 12), Z*l,i)' (27)
G(y) would then represent the counterfactual distribution at ¢. Another example is

9(zi) = (21 +1,2_1,),
which corresponds to an additional year of schooling for all workers.

2.3. Stationary Distributions: Assume that the process {y;1,...,yr} is ergodic
for each i, y;; is discrete with support V; = {y} < --- < yX}, which might be
different for each unit, and the only covariate is the first lag of the outcome, i.e.
i = (1,9i4-1))". The conditional distribution can now be represented by a time-
homogeneous K-state Markov chain and the stationary distribution can be charac-
terized from the transition matrix of the Markov chain. The method can be extended
to include more lags of the outcome at the cost of more cumbersome notation.

For each i, let P; be the K x K transition matrix. The typical element of this

matrix can be expressed as the following functional of the model:

Piji =Pr(ya = y! | yia—1y = v, Fi) = A <—CB§/ i(yg)> —1(j > 1A <—$§15z(yg_l)> :

(2.8)
where ¥ = (1,yF). By standard theory for Markov Chains, see, e.g., (Hamilton,
2020, p. 684), the ergodic probabilities 7w; = (71, ..., mx) are

I, — P,
m = (AA) ' Alex1, Ai= ( Kl, > ;
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where Ik is the identity matrix of size K, 1 is a K-vector of ones, and ek is the

(K + 1)th column of I'x,;. The cross-sectional stationary actual distribution is now

Fuly) = ElFic(®)],  Fiooly) = > mar,

where F; o, is a step function with steps at the elements of ).
Stationary counterfactual distributions can be formed by replacing 8;(y!) by 87 (y?)
in (2.8). That is

1% : . k' i—1
Pl = A (=2 B)) =16 > DA (= Bl ).
We denote the resulting cross-sectional stationary distribution as G,,. We do not
consider transformations h; as they would produce the stationary distribution Fj.

Note that changes in y;;—1) do not affect the stationary distribution by the ergodicity

assumption.

2.3.1. Quantile effects. We consider quantiles of the actual and counterfactual cross-
sectional distributions, and define quantile effects as the difference between them.

Given a univariate distribution F', the quantile (left-inverse) operator is
o(F,7):=inf{lyeR: F(y) >7}, 7€][0,1].

We apply this operator to the cross-sectional distributions defined above to obtain

the quantile effects of interest as
QEt(T) = QS(Gt?T) - (b(Fta T)? QEOO<T> = (b(Gooa T) - (b(Fw?T)a TE [07 1]

These quantile effects measure the short and long term impacts of the hypothetical
policies at different parts of the outcome distribution. They are unconditional or mar-
ginal as they are based on comparisons between counterfactual and actual marginal
distributions.

3. ESTIMATION AND INFERENCE METHODS

3.1. Estimators. We employ a three-stage estimation procedure where the first step
obtains the model coefficients, the second constructs their functionals, and the third
calculates quantile effects. The coefficients are estimated by HDR applied separately
to the time series dimension of each unit, with debiasing to address the incidental
parameter problem. The functionals of the coefficients are estimated using the plug-
in method. The estimators of the distributions are debiased. The estimators of

the projection coefficients do not need to be debiased as these projections are linear
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functionals of the model coefficients. The quantile effects are estimated by applying

the generalized inverse operator of Chernozhukov et al. (2010).

3.1.1. First stage: Model coefficients. We start by obtaining the DR estimator of
B;(y), that is
B;(y) = arg max Q,;(8), y€V;, i=1,..,N,

BERd
where
T T
Quil®) = - Uy < wA-af) + 3 o > )1 - A(=aly5)],
t=1 t=1
and ); is the set of observed values of the outcome for unit i, i.e. V; = {yi1, ..., vir}-

If A is the standard normal or logistic link, these are logit or probit estimators that
can be computed using standard software. We then obtain B’Z(y) for other values of y
noting that y — Bl(y) is a vector of step functions with steps at the elements of ;.

Two complications arise: Bz(y) is well-defined only if y € [gi,yi), where y. =
min;<;<7 Yz and y; = max;<;<7 Yit, and, when Bz(y) is well-defined, it has bias of
order O(T~"). Let No(y) be the number of indexes i for which y < y., Ni(y) be the
number of indexes ¢ for which y > 7,, and No1(y) = N — No(y) — Ni(y), that is the
number of indexes ¢ for which Bl(y) exists. Without loss of generality we rearrange
the index i such that that B;(y) exists for all i = 1, ..., No;(y). We show below how
to adjust the plug-in estimators of the functionals to incorporate the units i > Ny (y).

Due to the incidental parameter bias, we should debias 3,(y) when T is of moderate
size relative to N. Plug-in estimators of nonlinear functionals based on debiased
estimators are easier to debias than those based on the initial estimators. We debias

Bz(y) using analytical methods. That is

By = Bty - 2,

where EzT(y) is a consistent estimator of the bias of 3,(y) of order O(T!). The

specific expressions of the bias and its estimator are presented in the Appendix,

i=1,...,Noi(y), (3.1)

where we also consider alternative debiasing methods based on Jackknife (Dhaene
and Jochmans, 2015). While our theory applies to both analytical and Jackknife
methods, we focus on analytical methods because they have less demanding data

requirements and perform better in our numerical simulations.

3.1.2. Second stage: Functionals. We provide estimators for all the functionals of

interest. Denote the second derivative of the link function by A.
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Projections of Coefficients. A plug-in estimator of 6(y) corresponds to applying
two-stage least squares to (2.2) replacing 3,(y) by B;(y). This yields,

N No1(y) N No1(y)
O(y) =Y. B,z | Y. 2wz | . (3.2)
i=1 i=1
where .
No1(y) Noi(y) -
j=1 j=1

When w; = z;, the estimator simplifies to the OLS estimator with Z;(y) = z;.

Actual and Counterfactual Distributions. The plug-in estimators of the actual

and counterfactual distributions are

No1(y) 3
Bl = & 3 ACatBw) + ) B,
Non(ly) =
Gl = 5 3 A-hl@) By + W B g
where
Biw) = Bily) +BWwlo(=) ~ =)
Bu) = 37 2 v (AalBw)eaSi) )
NZo:(ly)
Baw) = 3y Ot (A-h(ea) B )btz Si) )

Here E(y) and EG(y) are estimators of the first-order bias coming from the non-

—1 is an estimator of the

linearity of F; and G, as a functional of B(y), and iz(y)
asymptotic variance-covariance matrix of vT'(8;(y) — B;(y)). For units for which
Bz(y) is not well-defined we set A(—z;,0;(y)) = A(=h(zy)'B](y)) = 1 if y <y, and

A=z, B8;(y)) = AM=h(z)'B](y)) =0 if y > ;.

Stationary Distributions. We start from a preliminary plug-in estimator of P; by
the empirical transition matrix, which we modify to enforce that all the entries are
non-negative and the rows add to one. More precisely, we define the K x K matrix

@i with typical element

Quje =10 = K) +1( < K)A (=¥ Bity) ) (3.4)
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For each row of @i, we sort (rearrange) the elements in increasing order to form the
matrix @Q,; with typical element Q”k We then construct the empirical transition

-~

matrix P; with typical element

Bk = ka —1(j > 1)Qz (j—1)k
The empirical ergodic probabilities 7t; = (71, ..., Tk ) are now

~

I (I P
= (A4,Ai)” 1A¢8K+1_TB7W Ai:( Klz >’

where Em is an estimator of the bias coming from the nonlinearity of 7; as a functional
of (B;(y}),...,B:(yl)). We give the expression of Em, in the Appendix.

The estimator of the stationary distribution is

:%Z Frelt) = 3 e
=1

kiyf <y
Estimators of stationary counterfactual distributions can be formed by replacing
B;(y) by ﬁf(yf) and modifying the bias estimator, By, in (3.3). The modified ex-
pression of the estimator of the bias is given in the Appendix. The resulting estimator
of G is denoted by CA}OO

3.1.3. Third stage: Quantile effects. The estimators of the short and long term quan-

tile effects are:

~ o~ ~

QE,(7) = (G, 7) — 9(Fi,7),  QEso(7) = 6(Goo, 7) — ¢(Foo, 7), (3.5)

where ¢ is the generalized inverse or rearrangement operator
0

HF,7) = / TP () < Ty — / 1{F(y) > }dy.

— 00

which monotonizes y — F(y) before applying the inverse operator.

3.2. Inference. To begin we highlight an important problem with standard analyti-
cal plug-in methods where the heterogeneous coefficients are estimated via fixed effect
approaches. We show that these methods are not uniformly valid with respect to the
degree of heterogeneity as measured by the variance of the coefficients. We propose a
cross-sectional bootstrap scheme that has good computational properties and prove

its uniform validity over a large class of data generating processes in Section 5.4.1.
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3.2.1. Inference problem. While the inference problem affects all the functionals we
consider, we illustrate it via a simple example that abstracts from other complications

such as the need of debiasing. Consider the model
Yie = Bi+ew, Elew| ;) =0, E(B;) =9,

where we allow Var(;) € [0,C] to be on a compact support, with zero as an ad-
missible value. This class of data generating processes captures different degrees of
heterogeneity that might arise in empirical applications. For simplicity, we assume
e; and [; are both i.i.d. sequences in both ¢ and ¢t and mutually independent. The

estimator of 8 is
S A R L I 1
0=— i i = T it = Pi T p it
N;5 B T;yt 5+T;et

The goal is to make inference about 6 based on 0 that remains uniformly valid over
Var(;) € [0, C].
Let 8 = Zf\il B;/N. The asymptotic distribution of 6 is determined by two com-

ponents:

where

. 1 L& - 1«
V=B = xpXlew F-0=53 (5-E@)

i=1 t=1
While both terms admit central limit theorems, they may have different rates of
convergence. The rate of convergence of 3 —6 depends on the degree of heterogeneity,
Var(3;), which is unknown. All we know is that it is supported on a compact set [0, C]
for some C' > 0, with zero as an admissible boundary. This makes the final rate of
convergence and the associated asymptotic distribution unknown. To illustrate this,

consider two special extreme cases:

(1) Strong heterogeneity: It has been customary in the literature to assume that
Var(3;) is bounded away from zero, such that 8 — 6 = Op(N~'/2). Then this

term dominates in the expansion, yielding
VN (G = 0) =% N(0, Var(8:)).

(2) Weak heterogeneity: If Var(p;) is near the zero boundary, such that when

treated as a sequence, it decays faster than O(T1), then 6 — B becomes the
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dominating term, yielding
VNT(6 — 0) = N(0, Var(ey)).

We refer to this case as “weak heterogeneity” as it covers not only when (; is
homogeneous, but also when the degree of heterogeneity is small relative to
the sample size as formalized by Var(5;) = o(T~!). This case can be relevant
in many empirical applications where the degree of heterogeneity is unknown

and the time dimension is only moderately large.

It can be also shown that any degree of heterogeneity in between the above two
extreme cases would lead to an unknown rate of convergence 0—0=0 p(EnT) where
Enr € [((NT)7V/2, N~
The unknown rate of convergence has consequences for the properties of standard
inferential methods. Note that
Var(f) = %Var(en) + ;]Var(ﬁz) (3.6)
A common method to estimate this variance is to plug in sample analogs of Var(e;)
and Var(;). This procedure, however, does not provide uniformly valid inference. To
understand the issue, consider the estimation of Var(5;). If §; were known, it could

have been estimated by

Var(53;) : NZ (3.7)

Replacing (; with its consistent estimator ﬁi, we obtain

— 1 A~ N
Var(8) = — 3 (B — 0)%
ar(/B’l) N — (/B’L )
Then \7;r(6i) — Var(3;) has the following decomposition:

D () S U S R Z Var(B),  (38)

J/

-
[3- estimation error LLN— error

where “LLN- error” refers to the error associated with the law of large numbers.

The main issue is that the - estimation error cannot be controlled uniformly over
Var(8;) € [0, C]. Note that

N
~ o~ - _ 1 1 _
Bi—0=p—0+ (e —eé), 61‘:?2%, BZN;@

t=1
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This leads to, if T'= o(N),

f- estimation error = % Z(éi —e)’ + %Z(éi —&)(B; — B) < Op(T™).
The [-estimation error is an incidental parameter bias whose order does not adapt to
Var(f3;), leading to first order bias of \7a\r(§) in the weak heterogeneity case. Thus, the
estimation error \\7a\r(§) —Var(g)\ is lower bounded by an order of Op((NT)™!), which
is not negligible when v NT (5—6) —4 N(0, Var(e;)). Consequently, the usual plug-in
variance estimator using \7a\r(§) would lead to an asymptotically incorrect inference.
To see this, note that the confidence interval will be distorted by a quantity of the

same order as the length of the interval, that is

Cllfp(9> = é\j: Zl_p/Q \Ef(é\) = é\:l: zl_p/g\/Var(é\) + Op((NT)fl),

where z, is the p-quantile of the standard normal. The two terms inside the square

~

root are of the same order since Var(f) = O((NT)™ '), leading to incorrect coverage
even asymptotically,
Pr(f e Cli_,(0)) =1 —p+ O(1).
Alternatively, ignoring Var(f;) by setting \Er(ﬁz) = 0 would result in asymptotic
under-coverage unless we are in the weak heterogeneity case. We can conclude that
the plug-in method is not uniformly valid over Var(g;) € [0, C].

-~

A simple solution in this example is to estimate Var(6) by
— ~ 1 — ~
Var(§) = —Var(3)),
ar(0) = < Var(B)

i.e., omit the first term of (3.6) in the plug-in estimator. This is an appropriate

estimator since

1 2

N(\Z';r(g)—Var(g)) =~ Z[(éi —&)? — Var(e;)] + N Z(éi —&)(B; — B) +LLN- error

- estimation error

automatically adapts to the rate of convergence of f. The key is that the recentering
by Var(e;) = Var(e;)/T reduces the order of the first term of the (- estimation
error. Note that the LLN-error is of a higher order regardless of the magnitude of
Var(3;) € [0, C]. For example, the LLN- error= 0 if Var(;) = 0 because 3; = 3 almost
surely. In the next section, we propose a bootstrap method that is also robust to the
degree of heterogeneity and is convenient for simultaneous inference on function-

valued parameters.
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3.2.2. The cross-sectional bootstrap. We develop a simple cross-sectional bootstrap
scheme that is uniformly valid over a large class of data generating processes that
include both weak and strong heterogeneity. We introduce the method in the context
of the example from the previous section and provide implementation algorithms for
the functionals of interest in our model in Appendix A. The formal theoretical results
on the validity of cross-sectional bootstrap are given in Section 5.4.1.

The cross-sectional bootstrap is based on resampling with replacement of the es-
timated coefficients BZ instead of the observations y;. We call this a cross-sectional
bootstrap because it is equivalent to resampling the entire time series {y;1, ..., y;r} of
each cross-sectional unit. Let {Bf ;i =1,..., N} be random sample with replacement
from {/73’\Z :i=1,...,N}. The bootstrap draw of 0 is

We approximate the asymptotic distribution of 6—0 by the bootstrap distribution of
0* — 0. If qp is the p-quantile of the bootstrap distribution of |§* — §| /s*, where s* is

the bootstrap standard deviation of é\*, then the p-confidence interval for 6 is
Cl,(0) = 9+ qps”.

This procedure is very simple, but perhaps surprisingly, leads to the desired uniform

coverage. To see this, note that the bootstrap variance of 0 is

I s o~y 1~
WZ(@—Q) :NVar(B,-),
=1

~

which, as we have shown above, is an estimator of Var(f) that adapts automatically
to the degree of heterogeneity.

Figure 3.1 provides a numerical comparison of analytical and cross-sectional boot-
strap estimators of the standard deviation of ) using a design where e; ~ N(0,1),
Bi ~ N(0,Var(5;)), Var(8;) € {0,0.1,...,1}, 06 =1, N = 100, and T = 10. It reports
the (true) standard deviation of 8, based on Var(6) = Var(e;,)/(NT) + Var(8:)/N, as
a function of Var(f;); together with averages over 5,000 simulations of the following

estimators:

(1) Standard plug-in: based on

N

o L, N R . L
Var(0) = No72 Z Z(yzt —Bi)? + 2 Z(ﬁz —0)°.

=1 t=1 =1
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This estimator is labeled as “over”.
(2) Plug-in that omits the heterogeneity in (3;: based on the first term of the
previous expression. This estimator is labeled as “under”.

(3) Cross-sectional bootstrap standard deviation based on 1,000 draws.

0.06
|

0.04
1

var(p)

FIGURE 3.1. Comparison of analytical and cross-sectional bootstrap esti-
mators of standard deviation of 6 in this example.

We find that the standard analytical plug-in estimator overestimates the standard
error for any degree of heterogeneity, whereas the analytical plug-in estimator that
omits the heterogeneity in ; underestimates the standard error in the presence of any
heterogeneity. The mean of cross-sectional bootstrap estimator is very close to the
standard error uniformly for all the degrees of heterogeneity considered, as predicted

by the asymptotic theory.

3.2.3. Simultaneous Inference. The bootstrap algorithms for the model functionals
presented in Appendix A are designed to construct confidence bands that cover the
functionals simultaneously over the region of points of interest. For example, if we are
interested in the scalar function y — £(y) over y € ), the asymptotic p-confidence
band Cl,(&(y)) == [gl(y),gu(y)] is defined by the data dependent end-point functions
Y > a(y) and y — g;(y) that satisfy

Pr (&) <€) <& yeY) »pas N.T - .
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We illustrate in Section 4 how this confidence bands can be used to test multiple
hypotheses about the sign and shape of the functionals. Pointwise confidence intervals

are special cases by setting the region ) to include only one point.

4. THE DyNAMICS OF LABOR INCOME

4.1. Data. We employ data from the Panel Study of Income Dynamics for the years
1967 to 1996 (PSID, 2020). The sample selection is the same as in Hu et al. (2019)
which restricts the sample to male heads of household working a minimum of 40
weeks.® We drop the worker-year observations where labor income is above the 99
sample percentile or below the 1 sample percentile, and keep workers observed for
a minimum of 15 years. This selection results in an unbalanced panel with 1,629
workers and 33,338 worker-year observations.

The variables used in the analysis include measures of labor income, years of school-
ing, number of children, marital status, year of birth, survey year and an indicator for
the worker being white. The years of schooling variable is constructed from the cat-
egorical variable highest grade completed with the following equivalence: 0-5 grades
= 5 years, 6-8 grades = 7 years, 9-11 grades = 10 years, 12 grades = 12 years, some
college = 14 years, and college degree = 16 years. Following the literature on labor
income processes, we construct the outcome, y;;, as the residuals of the pooled regres-
sion of the logarithm of annual real labor income in 1996 US dollars, deflated by the
CPI-U-RS price deflator, on indicators for marital status, number of children, year of

birth and survey year. We refer to these residuals as labor income.

4.2. Model coefficients. We estimate the HDR model (2.1) with @; = (1,y;4-1)".
We denote the model coefficients by 3;(y) = (a;(y), pi(y))" and their bias corrected
estimates by B;(y) = (@ (y), pi(y)), where we refer to y — o, (y) as the intercept or
level function and y +— p;(y) as the slope or persistence function. These estimates
are obtained using (3.1). The left panel of Figure 4.1 (Between Median) plots the
kernel density of the estimated slope function p;(y) at a fixed value of y correspond-
ing to the sample median of y;; pooled across workers and years. We find substantial
heterogeneity between workers in this parameter. The density of the persistence
coefficient includes both positive and negative values corresponding to positive and
negative state dependencies in the labor income process at the median. The right
panel of Figure 4.1 (Within Median) plots the pointwise sample median of the func-

tion y — p;(y) over a region ) that includes all the sample percentiles of the sample

5This sample is commonly employed in this literature as it represents full time full year workers.
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values of y;; pooled across workers and years. The function is plotted with respect to
the probability level of the sample percentile to facilitate interpretation. We find sub-
stantial heterogeneity in the slope within the distribution of the median worker. The
slope is increasing with the percentile level indicating higher persistence parameter at
the upper tail of the distribution. The two figures combined illustrate the existence

of substantial heterogeneity in income dynamics both between and within workers.

Between Median Within Median
0] o
= s ]
2 — _
2 3 2
g s ] =
o | o |
o AN
o | | | | T T T T 1
-10 0 10 20 30 0.0 0.4 0.8
N =922 Bandwidth = 1.204 prob

FIGURE 4.1. The left panel plots the cross-sectional density of p;(y) when
y is fixed to the sample median of y;; in the pooled sample; the right panel
plots the cross-sectional pointwise median of the function y — p;(y).

4.3. Goodness of Fit. To assess the model’s performance, Figure 4.2 compares the
empirical distributions of y;; in 1981 and 1991 with the corresponding distributions
predicted by the HDR model. We find that the model provides a remarkably close fit

to the empirical distribution for all the values of y, including the tails.

4.4. Projections of Coefficients. We obtain projections of the estimated coeffi-
cients to explore if specific worker characteristics are associated with the heterogene-
ity in the level and persistence of labor income between workers. We apply (3.2)
with z; including a constant, the initial labor income, number of years of schooling,
a white indicator and year of birth, and w; = z;.

Figure 4.3 reports the estimates and 90% confidence bands of the projection coef-
ficient function y — O(y) for education over a region ) that includes all the sample
percentiles of the pooled sample of y; with probability levels {0.10,0.11,...,0.90},
plotted with respect to these probability levels. We find education level is associated
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’ 1981 1 1991
= ostimated CDF = ostimated CDF
""" empirical CDF ===== empirical CDF
0.5 057
0 0
-2 -1 0 1 -2 -1 0 1

FIGURE 4.2. Empirical and predicted actual distributions, Fy, t € {1981,1991}.

0.6

education on p(y) education on a(y)
: : : 0.2 ‘ ‘ ‘

0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9
prob prob

FIGURE 4.3. Projection coefficients of 8;(y) = (pi(y),@i(y)) on worker
education levels. The confidence bands are obtained by cross-sectional boot-
strap using Algorithm A.1 with B = 500.

with coefficient heterogeneity at some locations of the distribution. For example, the
persistence parameter p;(y) is negatively associated with education at the bottom of
the distribution, whereas the level parameter «;(y) is positively associated with edu-
cation in the middle of the distribution. The effect of education on p;(y) is increasing
with y, although this pattern should be interpreted carefully as the function is not
very precisely estimated, as reflected by the width of the confidence band.

4.5. The Impact of Tax Policies. An important implication of the HDR repre-
sentation of labor income is that an individual’s location in the income distribution
in a specific time period partially depends on his location in previous periods. More-
over, the nature of this dependence varies by worker. This indicates that a shock to
current labor income will determine the path of future income. To illustrate the pres-

ence and heterogeneity of this dependence we examine the impact on future income
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resulting from a negative shock to initial income. We implement the shock through
two hypothetical tax policies corresponding to a proportional tax of 25 percent and
the progressive tax between 0 and 50 percent on labor income in 1985.5 We interpret
this as a partial equilibrium analysis in that we change the level of initial income
but keep all other aspects of the model constant. Specifically, we estimate the coun-
terfactual distribution (2.4) for the transformations h; given in (2.5) with £ = 0.25
and (2.6). Each transformation yields a counterfactual distribution of labor income
in t = 1986. We also estimate the actual distribution and the corresponding quantile
effects. We compare the estimates from the proposed HDR model with estimates
obtained from the homogenous location-shift, homogenous location-shift with fixed
effects and homogenous DR models described in Section 2.1.

The parameters of the location-shifts models are estimated by least squares; the
parameters of the homogeneous DR model are estimated by distribution regression

with A equal to the standard logistic distribution.

proportional tax progressive tax

-0.05 0

01} 01| e
0.15| & = 020 NG N

-0.27 7 0.3 | | Hetero. DR
) | *ﬂ'ﬂ'ﬂ"m"—'-ﬂ._—' | . | = S-fixed effect

0.25 Canns 047 ... Homo. DR

--------- Confidence Band 0
03 ‘ ‘ ‘ ‘ 05 ‘ ‘ ‘ P
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
prob prob

FIGURE 4.4. Quantile effects of counterfactual tax policies. Left panel:
proportional tax; right panel: progressive tax. Hetero.DR refers to the pro-
posed approach; LS refers to the homogeneous location-shift model; LS-fixed
effect additionally adds fixed effects; Homo.DR refers to the homogeneous
DR model. The confidence band for the estimation of the heterogeneous DR
model (the proposed approach) is also plotted.

Figure 4.4 reports estimates and 90% confidence bands of the quantile effects for
the proportional tax in the left panel and for the progressive tax in the right panel, to-
gether with the estimates obtained from the alternative models. The confidence bands
are computed using Algorithm A.3 with p = .90, B = 500 and 7 = {.05, .06, ...,.95}.

6We choose 1985 as the base year because it is the year with the largest number of observations in
the dataset.
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The estimates of the proportional tax show that the fully homogeneous location-shift
and DR models predict that the tax reduces next period income almost in a one-for-
one basis throughout the distribution. The model with fixed effects lowers the effect
to about 15%, whereas the HDR model further ameliorates it to about 10%. The
confidence band shows that there is no evidence of heterogeneous effects across the
distribution. The comparison of the estimated effects from the progressive tax from
each of the models reveals that allowing for heterogeneity again reduces the impact
of the tax. However, the progressive nature of the tax produces heterogeneous effects
across the distribution.

For both taxes, the confidence bands of the HDR model do not fully cover the esti-
mates of the other three models. This comparison provides the basis of a specification
test. The results in this plot are sufficient to formally reject the restrictions imposed

by the alternative models.

4.6. Dynamic Aspects of Relative Poverty. We now analyze labor income mo-
bility and the existence of “relative poverty” traps. We evaluate the probability of
remaining in lower locations of the residual distribution noting that we refer to this
as relative poverty as we acknowledge that the total income level may not be below
the poverty line. We do so via the model from Section 2.3, where the conditional
distribution is represented by a discrete Markov chain. We set the states for each
worker as the observed values of y;;, that is V; :=={yi : t=1,..., T} and K =T.
Following Hu et al. (2019), consider the following probabilities to describe mobility:

B(pJQJ h) = Pr(yi(t-f-h) < Yp | Yir < yq7Et>7 L= 17 EEEE) N7

where y,, and y, are the p-quantile and g-quantile of the distribution of labor income.
These probabilities correspond to the following experiment: If we exogenously set
labor income below y, at time ¢, then P;(p,q, h) is the probability labor income is
below y, after h years.” For example, if we define the poverty line as the 10-percentile,
then P;(0.1,0.1,5) is the probability that worker i would remain in poverty after 5
years if he falls below the poverty line due to, for example, a negative income shock.

Our model allows the probabilities P;(p, g, h) to be heterogeneous across workers.

To summarize this heterogeneity, we can examine the average probability:

_ 1

N
=1

"The probability P;(p, g, h) is identified if y;; is observed below y,, for some ¢. We restrict the sample
to workers that satisfy this condition in the sample period to estimate these probabilities.
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For instance, P(0.3,0.1, 1) is the probability that a randomly chosen worker is below
the 30-percentile if the previous year he was below the 10-percentile. We also examine

quantiles of the probabilities such as:

Q+(p,q,h)

which denotes the 7-quantile of {P;(p,q,h) :,i = 1,...,N} for fixed (p,q,h). For
example, Qo.25(0.3,0.1,1) is the first quartile of the probability that a worker is below
the 30-percentile if the previous year he was below the 10-percentile.

The upper panel of Figure 4.6 plots p — P(p, ¢, h) for p € [0,0.5], ¢ € {0.1,0.25,0.5}
and h € {1,2,5}. We find heterogeneity with respect to the initial condition that van-
ishes with time due to the ergodicity of the process. The probability that a randomly
selected worker remains below the 10-percentile after one year is more than 50%,
whereas this probability decreases by about half if the worker was initially below the
median. This difference in probabilities reduces after two years and almost vanishes
after five years. The lower panel of Figure 4.6 plots p — Q.(p,q, h) for p € [0,0.5],
g =01,k € {1,2,5} and 7 € {0.1,0.5,0.9}. We uncover significant heterogeneity
across workers that is hidden in the analysis of the mean worker. Even after 5 peri-
ods the deciles of the probability of remaining below the 10-percentile range from 0
to more than 0.9. This illustrates the importance of accounting for heterogeneity in
understanding labor income risk.

Let h;(p) denote the recurrence time of y,, that is, starting from {y; < y,}, the
number of years h until the first occurrence of {y;1n) > ¥p}. For example, if yo.10
is the poverty line, h;(0.10) is a random variable that measures the number of years

that worker ¢ takes to escape from poverty. Then,

Pr(hi(p) = h) = Pr(Yie+n) > Up: Yigrh—1) < Yp» s Yice41) < Yp | Yit < Yp, Fit),

which can be expressed as a functional of the parameters of the HDR model. Another
interesting quantity is

Hi(p) =Y hPr(hi(p) = h),

which gives the expected recurrence time for each individual. In the previous example,
H;(0.10) gives the expected number of years that worker i would take to escape from
poverty. Figure 4.6 plots a histogram of the estimated H;(0.10). More than 60% of
the workers would escape from the poverty in two or less years, but about 10% of the
workers would stay for more than 20 years. Table 4.6 reports several quantiles of the
estimated H;(0.1) for groups stratified by education and race. We find substantial
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FIGURE 4.5. Means and quantiles of probabilities of income mobility. The
upper panels report P(p, g, h) and the lower panels report Q-(p, g, h).

heterogeneity between workers associated with education and race. Whereas the
deciles of the expected recurrence time range from 1 to 7 years for workers with at
least high school, the corresponding value of 176 years indicates there are more than
10% of workers with less than high school that would never escape poverty. The
distribution of the expected recurrence time also differs by race. The upper decile of
the expected recurrence time is about 20 years higher for nonwhite than for white
workers. This heterogeneity in the persistence of poverty has clear implications for
the design of poverty alleviation policies. As they employ a different sample to ours
and employ a different definition of “relative poverty” we do not directly compare
these results to Lillard and Willis (1978). However, in addition to confirming the
dependence in labor income documented in their study, we illustrate the remarkable

difficulty facing some workers in escaping relative poverty.

4.7. The Impact of Completing High School. We now evaluate a hypothetical
scenario in which workers with less than 12 years of schooling are assigned a high
school degree (12 years of schooling). This also reflects a form of partial equilibrium
analysis as the model parameters and the income distribution are based on the pre-

intervention setting and we do not allow for possible general equilibrium effects. In



26 FERNANDEZ-VAL, GAO, LIAO, AND VELLA

Individual Expected Recurrence Years

0.6
0.5
0.4
0.3}
0.2}

0.1f

Lol

0 5 10 15 20

FIGURE 4.6. Histogram of expected recurrence time out-of-poverty in
years, H;(0.10)

TABLE 4.1. Quantiles of expected recurrence time out-of-poverty in years,
H;(0.10), by education and racial groups

Quantiles
0.10 0.25 0.50 0.75 0.90
All 1.00 1.00 1.47 3.63 19.45

Edu< 12 years | 1.00 1.35 292 9.75 175.8
Edu> 12 years | 1.00 1.00 1.20 2.39 7.37
White 1.00 1.00 1.27 3.12 13.88
non-White |1.00 1.11 1.81 5.52 33.91

particular, we assume that the resulting distribution is (2.4) with h(x;) = @; and
g defined in (2.7). We set the values of y;;_1) to the observed values in 1985 and
assume that the change occurs at the beginning of 1986. We estimate the actual
and counterfactual distributions in 1986 using (3.3), and the short and long term
quantile effects using (3.5). To estimate the stationary distributions, we set the
states for each worker in the Markov chain to the observed values of y;, that is
Vi={yp:t=1,...,T}and K =T.

Figure 4.7 reports estimates and 90% confidence bands of QE; in the left panel
and QE,, in the right panel. The confidence bands are computed using Algorithm
A3 with p = .90, B = 500 and 7 = {.05,.06,...,.95}. We find this intervention
has heterogeneous effects across the distribution. The lower tail increases by around
7.5% after one year to almost 15% in the long run, whereas there is very little effect
at the upper tail both in the short and long run. The confidence bands show that the

results at the lower tail are statistically significant and allow us to formally reject the
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hypothesis of constant effects across the distribution. The magnitudes of the effects
are economically noteworthy given the policy affects a relatively small fraction of the
population. The results indicate that the increase in education for those with lower
levels of education shifts the bottom tail of the labor income distribution of the entire
population. This supports the commonly held policy view that increasing education
of the lowly educated will reduce the level of inequality. There is no evidence of

movements in the distribution at higher levels of labor income.

High school one year effect High school stationary effect
0.2f : — : 1 02F% — : 1
= Quantile treatment effect = Quantile treatment effect
---------- Confidence Band = Gonfidence Band

0.15 1015
011 % ] 0.1
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FIGURE 4.7. Quantile effects of counterfactual high school policy.

5. ASYMPTOTIC THEORY

This section develops asymptotic theory for the estimators of the functionals of
interest. We start by introducing some notation. Recall that the loss function for the
estimation of the coefficients is: Q,4(b) = T~" 3/, q,.4(b), where

Qy,it(b) = Wy < yyA (=) + Hyie > y}H1 — A(—z3,b)].
Let

Yi(y) = Vaui(Bi(y))
’W;it(y) = vdqyﬂ't (/Bz(y)) - Edey,it(ﬁi<y))a d=1,2,3.
Auly) = EViqu(B,»))7"  Auly) =EViq,u(Bi(y)),
where all terms are defined using the true 83,(y). Specifically, when f is a vector, the

third order derivative matrix V3q(3) is a dg x d3 matrix, defined as (VB (6), ..., VB, (),
where B;(/3) is the dg x dg Jacobian of the j th row of V?¢, here dg := dim(/3).
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5.1. Sampling. The following assumptions relate to the properties of the sampling
process. Recall that F;; C ... C F;r is the sequence of filtrations over time that

include covariates and any time invariant variables for unit .

Assumption 5.1 (Cross-section dimension). (i) E(v;(y1)|w;, ¥u(y2)) = 0 for any
Yy1,y2 and 1 =1,..., N.

(ii) The filtrations Fyr are independent across i =1,...,N.

(111) {(Yig, @i, wy) : t < T} are identically distributed acrossi=1,...,N.

Assumption 5.2 (Time series dimension). There are universal constants C,c¢ > 0

such that almost surely,

8+
maxE SUPH\/—szt Yl ] <C,

_yEy

1
_ d - d 8
maxE | sup ”\/T% @i (Y1) \/TE @i (y2) |

| ly1—y2|<e

ford=1,2,3.

Assumption 5.2 imposes conditions regarding serial dependence. We impose two
high level conditions regarding the empirical process for weakly dependent data. It
requires some primitive conditions, e.g., mixing conditions, so that {(Yi;, @) : t < T'}

is serially weakly dependent.

5.2. Projections of Coefficients. The main result of this section is to show that
5(y) — 0(y) converges to a Gaussian process.

We start by defining the covariance kernel of the limiting process of §— 0. For a
given integer M > 0, let )y = (v1, ..., ym)" be an arbitrary M-dimensional vector on
QM. V. Let S, := O 'Cy(CLCTICy) ™ where O = Ew,w!, Cy = Fw;2!, and

Vw(ykvyl) = E {(S:vzwzwgsw ) Alz yk: Z 1/}216 Yk wzt(yl) |wz)Alz(yl)
st<T

Volyks ) = E{(S, ww’Swz)®E(%(yk)%(yz) | w;)}

1
Enr(ye, ) = NTVw(?Jk,?/z) + NV (Y, v1)
Snr(y) = Enr(y,y)- (5.1)

The covariance kernel is now given by the limit of the elements of the following M x M

matrix:

Hn,NT = (HmNT(ykayl))MxM
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where 5 r )
N 2NT\Yks Y1)7
Hy Nt (Y, yi) =
T ) P Pl S
and n € Rdm(vecd) We make the following assumptions about the covariance kernel:

Assumption 5.3 (Covariance kernel). For any n € RY™e9) gnd ||n|| > ¢ > 0, any
integer M > 0, and any M -dimensional vector Yyr = (y1,...,yn) on @M, Y, there is
an M x M matriz H,, such that almost surely,

lim Hn,NT = HW' (52)

N, T—o00

In addition, there is cy,,, > 0 such that
)\min<Hn> > Cyy - (53)

Here cy,, , may depend on Yy, M and 1.

Condition (5.3) is used to establish the finite dimensional distribution (f.i.d.i.) of
7 vec(g(') —6(+)), which is required for a given Yj;, M and 1. Therefore, the constant
Cy,,n 1s allowed to depend on these parameters. To show that Assumption 5.3 is
reasonable even though the variance of v;(y) = 3,;(y) — 6(y)z; may vary across y in

the second-stage regression, we consider the following model:

Yi(y) = Enr()vly), Vye,Vi<N.
Ve, vi) = Enr(ye)ént () V(e vi), iI;fAmin(Vﬁ(yay))>C- (5.4)

Here {n7(y) is a bounded non-stochastic sequence that may converge to zero, whose
rate depends on y; %;(y) is a random vector of “normalized” 7;(y) , so V5(y,y) can
be understood as a normalized covariance matrix. Hence the strength of ~;(y) is
determined by the rate of convergence of {y7(y). Given this setting, consider the

following special cases:

Case 1: Enp(yr) = o(T7Y2) and Enr(y) > T2, Here the explanatory power
of w; is strong for B;(yx), but relatively weak for S;(y;). Then

li H =0.
N,II“IEOO n,NT(ykv ?Jl) 0

Note that the opposite case of Eyr(yr) > o(T~Y?) and Enp(y) = T2 is

also covered.
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Case 2: Both &nr(yi), Enr(y) > T2, Here the explanatory power of w; is
strong for both B;(yx) and 5;(y;). Then

) . W'Vﬁ(yka Z/l)77
lim H, ,NT(ykayl = lim )
Too " )= g, [V (yies yie )2 [0V (ye, ) m) /2

where the limit of the right hand side is assumed to exist.

N

Case 3: Both &nr(yi), Enr(y) < T7Y/2. Here the explanatory power of w; is
relatively weak for both 5;(yx) and 3;(y;). Then

. . 10"V (Y Y1)
lim H ,y) = lim ,
oo n,NT(yk yl) Neeo [n’Vw(yk,yk)n]l/Q[n’W(yz,yz)n]1/2

where the limit of the right hand side is assumed to exist.

N

So each element has a limit given on the right hand side. With sufficient variations
(across yi), one may assume the limit of the matrix H, yr is non-degenerate that
satisfies (5.3).

The following condition describes the continuity of some moment functions. For

notational simplicity, we write

Vo) = Vo(y,y), Vuly) == Vu(y,y).

Assumption 5.4 (Continuity). There is a universal constant C' > 0 such that for
all Y1,Y2 € y?

1V (y1) — Vi (o) || + max [Agi(y1) — Agi(ya)|l < Clyr —wo|, d=1,2.

In addition, for all € > 0,

N
1 ; —_ 4
E| sup [17i (y1)wi — vi(yo)wi]|

N i=1 ly1—y2|<e M(yl,y2)2

sup VA (1) — V5 ()l
ly1—y2|<e M(yla ?Jz)

where M(yl, y2> = min{)\min(v'y<y1))a Amin(v’y<y2))}‘

Assumption 5.5 (Moment bounds). There are universal constants C,c > 0 so that

4
- !
sup (M) < C.
yey /\min (V;/ (y))

(ii) Let © be the parameter space for {81(y),...,Bn(y) : y € R}. The following
moment bounds hold:

< Ce

< (.

(i) For some a > 0,
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(a) maxi<y supyey[[|Au(y)[| + [[Azu(y)ll] < C

(b) sup, supyce maxi<n[[[V2Qyi(0) || + [[VAQy(0)[| + [I(V2Qyi(0)) ] = Op(1)

(¢) max;<y E||w;||¥¢ < C.

(iii) For ally € Y, and alli =1,..., N, we have ming<y y;y < y < maxy<y Yir with
probability approaching one.

(iv) Let Sy i(y) = Var (\/LT S ¢it(y)|wi>. Then almost surely,

miin ;Ieljf) Amin(Sy.i(y)) > c.

In addition, all eigenvalues of Cy and C5Cy are bounded away from zero and infinity,
where C = Ew;w, and Cy = Ew,z}, with rank(Cy) > dim(z;).

(v) %Zt E;xix), is of full rank for each i, where the expectation E; is taken with

respect to the joint density of (1, ..., ;) conditional on Fi .

Condition (i) of this assumption requires that the fourth moment of v;(y) is bounded
by its second moment up to a constant, uniformly in y. To see the plausibility of this

condition, again consider model (5.4). Then the left hand side of condition (i) becomes
( RO ) _ xS ()il
Amin (V5(y)) infyey Abin(V3(y,9))

which is upper bounded by a constant provided = SN E(17(y)wh][Y) < C. Other
conditions of this assumption are standard. Condition (iii) requires that we only focus

E

sup
yey

on y € Y that are in the range of the observed outcomes. Finally, conditions (iv) and
(v) of Assumption 5.5 identify the parameters 0(y) and 3,(y). To see this, note that

the model implies
1 T L I
—7 > B (Pr(y < ylFa)) = <T ZEimitw;t> Bi(y).
t=1 t=1

Inverting 7 S By, leads to the identification of B8;(y). In addition, rank(Cy) >
dim(z;) implies the identification of 8(y).
In the theorem below, L denotes the number of lags used for the Newey-West

truncation for long-run variance, which is needed for analytical bias corrections.

Theorem 5.1. Suppose N = o(T?) and NL? = o(T?). Assumptions 5.1-5.5 hold. If
B;(y) is estimated using Jackknife-debias, then we additionally assume Assumption

C.1. For any n such that ||n|| > ¢ > 0,

nvec(() —00)) _
[ S ()2 - o
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where Snr(y) = 57 Ve(y) + % V5(y) and G(-) is a centered Gaussian process with a
covariance function H(yg,yi) as the (k,1) element of H,.
5.3. Counterfactual distributions and quantile effects. For a generic estimator

F(y) of F(y), which may be one of the cross-sectional distributions that we discussed

earlier, one can show that it has the following expansion

F) = Flu) = 5 2ol =dis(9) + ]+ o0 (Gur )

where (nr(y) = (NT)~Y2 + N=Y2Var,(d, ;)'/?, and the two leading terms d, ;(y)
and d,;(y) are asymptotically independent, and respectively capture the sampling
variation from the first-stage and second-stage. The quantile effects have similar

expansions:
QE(") = QE() = 5 Dlzpuilr) +pu(Dl +or(Cur(r) (59

where (nr(7) = (NT)™Y2 + N=Y2Vary(p, ;(7))"/?, and py.i(7) and p, (1) are zero-
mean uncorrelated terms.

We make the following additional assumptions, which are assumed to hold for
all ; € {xy, hy(xi)}, ie., either the original variable x; or the counterfactual
hi(zx;). The formal definitions of (dy;,d,:, Py, Py:) depend on the specific F' €
{F},,Gy, F,Gso } and QE € {QE;, QE.}, which are given in the Appendix. We em-
phasize that F}, G; respectively denote the actual and counterfactual distributions
at time ¢ and F,, G respectively denote the actual and counterfactual stationary
distributions.

Let A(s) = LA(s) and A(s) = L A(s).

T ds T ds?
Assumption 5.6 (Moment bounds). (i) sup, |A(s)| + sup, |A(s)| < C.

(i) Elbst (yr)|Bi (1), Tit, 26, wi, vi(y)] = 0 for any ye, y1 € V.
(iii) By ||Tat||® + Ell @] ®llg(2:) — 2| < C.

(iv)

d 1<y) r
]E s
P [Vart(dmy))l/?

Assumption 5.7 (Continuity). (i) There are C' > 0 and k > 4, for any y1,y2 € Y,

Eo|A(=,8i(1)) — A=}, B:(2)) [ Zie|** < Clyn — gl
Eo A=, 5i(y1)) — A=, 8i(y2)) || Zal|* < Clyr — wol®

< C, inf )\min(Vart(dw’i(y))) >c> 0.
Y
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ol A=, 57 (1)) — A=}y 5 (2) |l < Clys — 3"
A (-~ (1)) — Ay ()| < Clan — ol
Eo| A=, 5] (11)) — A=, 5] (v2)) || zielg(2:) — zi]'l] < Clyn — w2,
(i1) There is C' > 0, for all e > 0,
Vary(dy.i(y1)) — Vari(dy.i(y2))]

sup < Ce
ly1—y2|<e M(yh y2)
wp Yarepualn) = Var(py ()l _ o,
|71 —T2|<e€ M2(7'1,7'2)
d; —d.; 4
g | M) =]

ly1—y2|<e M(yh 3/2)2

where M (y1,y2) = Vart(d%i(yl))1/2Vart(dw~(y2))1/2 and Ms(1,7) = Vart(pw(ﬁ))l/2
Vari (. (72)) 2

We present the notation of (d;, dy.i, Pry.isDp,i) for all objects of interest in the
appendix. The theorems below additionally require Assumptions C.2, C.3, which are
based on some additional notation for the stationary distribution. We present them

in the appendix.

Theorem 5.2. Suppose the assumptions of Theorem 5.1 and Assumptions 5.6-5.7,
C.3 hold. Then for F € {F,,Gy, Fs,G} and Fe {ﬁt,@t,ﬁm,@w}, we have
F() - F()
ont(*)
where vip(y) = =Vary(dyi(y)) + ~Var(d,;(y)) and G() is a centered Gaussian
process with covariance kernel function

= G()

lim vjz\fT(yka yl)

1
) _E d ) d i 5
N.T vnr(yk)onr (Y1) t8, (yx) v, (1)

VR (Y ) = —Etdw,i(yk)dw,i(yz) t5

NT

assuming that imyy exists for each pair (yg, ;).

Theorem 5.3. Suppose the assumptions of Theorem 5.2 and Assumption C.2 hold.
Assume also, for all F' € {F,,Gy, Fso,Go}, F is continuously differentiable, whose
density (denoted by F) satisfies inf, 1nf|y o(Fm)|<C F(y) > ¢ for some C, ¢ > 0.

Then for QE € {QE;, QE.} and QE € {QEt, QEOO}

QE(-) — QE()

Int(+) = Gael).
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where J3p(y) = Jir(y,y), with

1 1
Jrr (e, wi) == WEth,i(yk)pw,i(yz) + NEth,i(yk)pw(yz)a

and Gqge(+) is a centered Gaussian process with covariance kernel function

lim TR0 (Y 1) ’
N,T JNT(yk)JNT(yl)

assuming that imyy exists for each pair (yg, ;).

5.4. Discussion of asymptotic behavior. To discuss the asymptotic behavior of
the estimators, we closely examine the spot counterfactual effect QE = QE;, estimated
by @ = @\Et. We illustrate the complications that arise in our context and the need
for a new inference method that is uniformly valid.

The asymptotic properties of other estimators are very similar. In this case, ex-
pansion (5.5) holds, with two leading terms \/ifp,m- and p,,;. The first term arises
from the effect of estimating 3,(y). The second term is due to the cross-sectional

projection, and can be expressed as

= &'(1)(a) + K" (1) - (b) + (1) - (c)

= w;S,.G(y1)v(y)

= A(=hit(@a)'B] (1)) — BeA(—hie(ie) 8] (y1))
= A(=2},8:(y0)) — EeA(—25,8,(v0)),

where y; = ¢(Gy, 7) and yo = ¢(F}, 7), and other related quantities such as x!/(7),

p'y,i<7—
(a

b

c

~— — ' —

(
(

k°(7) and G(y;) are given in the supplementary appendix, and for now we treat
them as constants that do not affect the asymptotic behavior. The key feature of
our asymptotic analysis is that we allow any or all of the three terms to be either
equal to or arbitrarily close to zero, leading to the robustness on the magnitude of
Var:(p,,:(1)). Robustness on (a) is equivalent to robustness to the explanatory power
in the random coefficient model B,(y) = 6(y)w; + vi(y), while being robust on either
(b) or (¢) admits cross-sectional homogeneous models as special cases. This may also
vary across quantile levels 7. For instance, at some quantiles, the model might be
homogeneous in which both (b) and (c) are exactly zero; at other quantiles, the model
might be heterogeneous, leaving one or both of them being nonzero. In practice, the
heterogeneity is unobservable, and we make no assumptions about it.

The weak convergence of Theorem 5.3 implies that for each fixed 7,

QE(r) — QE(7)
JNT(T)

—4 N(0,1).
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Consider a local sequence {yr(7) > 0 and represent
pri(r) = Ext()pa(7)
where Vary(p, (7)) > ¢ > 0. So &4(7) is the local rate of Var,(p,;(7)), and

1 n gNT(T)).

QE(r) — QE(7) = Op( i A

If £%7(7) > ¢ for some constant ¢ > 0, then
VNVar,(p,.(7)) " 7*[QE(7) — QE(7)] =4 N(0,1).

The effect of the first-stage time series is absorbed by the cross-sectional regression.
This leads to the usual v/ N- rate of convergence for two-step panel regressions. If,

however, £%(7) = o(T™1), then
VNTVar,(py.:(7))"Y?[QE(r) — QE(r)] =% N(0, ]).

This occurs when the observed characteristic w; has almost full explanatory power of
0;(7) and the model is cross-sectionally homogeneous at the quantile level 7. The effect
of the first stage time series regression plays the leading role in the final estimator,
and the rate of convergence is much faster.

While the above considers two special cases, {y7(y) can be any sequence on a
compact set [0, C] that includes 0 as an admissive boundary point. This results in
possibly varying rates of convergence for (/QE(T) — QE(7) at various values of 7 and

data generating processes. This suggests the need for a uniform inferential method.

5.4.1. Uniform inference using cross-sectional bootstrap. The following result proves
the validity of cross-sectional bootstrap in our setting, uniformly over a large class of

data generating processes with varying degrees of coefficient heterogeneity.

Theorem 5.4. Suppose the assumptions of Theorem 5.1 hold for all probability se-
quences {Pr : T > 1} C P, where the universal constants do not depend on the
specific choice of Pr. Then uniformly for all {Pr:T > 1} C P,

(i) For the confidence level 1 — a, we have
Pr (n'vec(8(y)) € Cla(y),Vy € ¥) = 1 —a,

where Cl,(y) = {m : |§(y) —m| < q.5*(y)}, and q, and $* are defined corresponding

to (9,5) using the cross-sectional bootstrap algorithm in Appendixz A.
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(ii) For (F,F) € {(F,, F}), (G, Gy), (Fo, o), (Goo, Goo)}
Pr(F(y) € Cl,(y),VT€Y) —>1—a.

where Cly(y) = {m : |F(y) — m| < ¢.5*(v)}, and ¢, and §* are defined corresponding
to the specific (F, ﬁ) using the cross-sectional bootstrap algorithm in Appendiz A.

Pr(QE(7) € Cly(7),YT€T) = 1 —a.

where Cl,(17) = {m : |(5\E(7') —m| < q,8°(7)}, and q, and $* are defined corresponding
to the specific (QE, QE) using the cross-sectional bootstrap algorithm in Appendiz A.

6. SIMULATION EVIDENCE

We report finite-sample performances of our methods using simulations for two ob-
jects of interest: the projection parameters and the counterfactual treatment effects.
Our simulation results illustrate the importance of bias correction and the uniform
validity of our inference methods. The online appendix presents further simulation
results using a calibrated model based on the PSID dataset.

Consider the following dynamic distribution regression model,
Pr(yy <y | Fu) = PWic—1Biy)).
Bily) = 0(y)wi +0(y)%, E7:|w)=0.
with
0(y) = 3 sgn(y — 2)(y — 2)%, fory € Y.

We set Y = {1.7,1.8, ..., 2.3}, where the two endpoints of ) are chosen to avoid the
estimation of extreme quantiles. The marginal probabilities Pr(y;; < 1.7) and Pr(y; >
2.3) are both approximately 0.1. We generate the simulated data by independently

drawing (e;, w;, ;) from:
e ~N(0,1), w; ~ Uniform(1.5,2.5), 4; ~ Uniform(—0.5,0.5).

Finally, y;; is initialized by y;0 ~ Uniform(0.52,1.52), and iteratively generated via

-1 €t
' Yict—1) (Wi + %)

The parameters of this DGP are chosen so that y;;—1)(w; +7;) > 0 for all ¢ almost
surely. Therefore, Pr(y; <y | Fit) = ®(yit—1)Fi(y)) is satisfied.
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Figure 6 plots the variance of ;(y) = 0(y)%;, the noise level of §;(y), across y € V.
By construction, Var(v;(y)) degenerates at y = 2, and increases as y deviates from 2,
which affects the rate of convergence for estimating 6(y). The right panel plots the
true standard error of the estimator é\(y), along with three estimators: the proposed
bootstrap standard error se*(y) and two additional plug-in estimators defined below.

The plug-in methods are clearly not robust to changes in Var(v;(y)) across y.

. ©1073 Var(y(y)) 3 «10° standard errors
3 —se(y)
25 .o plug-in-over

s |"**=plug-in-under

s

L |=true se
.

()]

IN

w
—_
(8]

............

N

.....

-

1.6 1.8 2 2.2 2.4 1.6 1.8 2 22 2.4
y y

FIGURE 6.1. Left: Var(v;(y)). Right: estimated and true standard errors

-~

of 8(y) for y € M in the dynamic DR model. In the right panel, we plot four
“standard errors” for y € ) under N = T" = 300. The true standard error

~

is calculated as the standard deviation of §(y) from 1,000 simulations, while
the other three are calculated using a fixed simulation of data.

6.1. Coverage Probabilities of 6(y). We examine the coverage properties of 0(y)
and compare five inferential methods: (i ) Proposed: the proposed uniform inference
procedure using the interquartile range described in Remark A.1. (ii) No-debias: this
method does not debias, while all other steps are the same as the proposed method.
We expect it to perform unsatisfactorily when 7' < N. (iii) Conser-boot: this method
replaces Steps 4-5 of Algorithm A.1: Let ¢ be the (1 — 7) th bootstrap quantile of

{sup fvec(Bi ) - A<y>>|}B

yey b=1

Compute the confidence band

[n'vec(0(y)) — az,m'vec(0(y)) + q7].
Since the critical value ¢ is chosen for the worst case y € ), we expect this method to
be conservative. (iv) Plug-in-over: this method plugs in the estimated standard error,

while assumes the second stage regression error to be non-degenerate. Specifically, it
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estimates the two components V,,(y) and V,(y) in the standard error, and constructs

confidence band:

~ ~ ~

['vec(8(y)) — a- (S (y)n) "%, 1'vec(0(y)) + ¢- (7 Enr(y)n) V2,

where .

As noted above, the estimation error of Vv(y) is not negligible when V. (y) is near
the boundary so this approach should have an over coveraging probability. (iv) Plug-
in-under: this method also plugs in the estimated standard error, but assumes that
w; fully explains S;(y), which is the standard treatment in the varying coefficient

literature. Specifically, it replaces 5 ~nr(y) of the Plug-in-over method with

iNT(Z/) NTV*”( y).

We expect the confidence band resulting from % y7(y) would under-cover 6(y).

The last two “plug-in” procedures estimate Vi (y) and V,(y) by:

N
=5 1 / / N — N
Vlb(y) = N Z(Swzwiwiswz) ® Ay,li‘:(y)AyJi] .
R 1 Z]:VI
Viy) = 5 D _(ShewinwiSu:) ® Fi(y)%u(y))

1

<.
Il

where computing the estimators ‘&y,li and 7;(y) are straightforward. Meanwhile, we
apply the Newey-West type estimator =(y) to estimate E(% > s Vit(Ye) Vi (1) |
W), which is given by, for the bandwidth L,

T L

=(y) Z ) + 7 30— ) S Buw) B 0) + Bty () )]

=1 h=1 t>h

Table 6.1 summarizes the coverage probabilities of {0(y) : vy € YV} where Y =
{1.7,1.8, ...,2.3} out of 1,000 replications. The results are genearlly as expected al-

though the conservative bootstrap does not appear conservative.

6.2. Coverage probabilities for quantile treatment effects. We now investigate
the performance of our proposed estimators of counterfactual QEs arising from the
change of w;, and the corresponding inferential methods. Specifically, we investigate
how the analytical debiasing and the jack-knife debiasing help reduce the MSEs of the

estimators and improve the coverage probabilities of the confidence intervals relative
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TABLE 6.1. Coverage Probabilities of {0(y) : y € YV}

Methods
T N | Proposed No-debias Conser-boot Plugin-over Plugin-under
50 300 | 0.942 0.576 0.944 0.994 0.894
400 | 0.945 0.440 0.952 0.998 0.899
100 300 | 0.946 0.813 0.957 0.995 0.854
400 | 0.947 0.740 0.943 0.996 0.852
200 300 | 0.951 0.914 0.954 0.975 0.632
400 | 0.958 0.883 0.947 0.970 0.621

those without debiasing. We consider the QE; at ¢ = 1 of a counterfactual increase in
w; by the amount of 0.5 for all i and the consequent changes in 5; (), while keeping
y;1—1 of each 7 unchanged. We set N = 200 and 7" = 50.

TABLE 6.2. QE;att=1

Estimator MSE x10~° 95% CI Coverage
quantiles 15% 25% 50% 75% 85% 15% 25% 50% 75% 85% joint

No-debias 047 032 0.27 039 0.63 095 094 090 0.89 0.93 0.89
Analytical  0.44 0.32 0.24 0.29 047 0.92 093 0.89 095 0.92 0091
Jackknife 0.45 031 0.24 0.28 047 094 094 091 096 094 0.94

The left panel of Table 6.2 reports the MSE of the three versions of our estimators
for the QE at the 15%, 25%, 50%, 70% and 85% quantiles. The right panel reports
the coverage rates of the 95% confidence intervals, first separately for each of the five
quantiles separately, and then uniformly for the five quantiles together (“joint”). The
CIs are constructed based on our cross-sectional bootstrap procedures in Algorithm
A.3. The results illustrate that both the analytical debiasing and the jackknife de-
biasing improve the finite-sample performances of our QE estimators and CIs. The
estimator MSEs under the analytical debiasing and the jackknife debiasing are uni-
formly lower than those without debiasing across all five quantiles. There is also a

noticeable improvement in the coverage rates of the uniform CIs with debiasing.

7. CONCLUSION

We develop estimation and inference methods for dynamic distribution regression
panel models that incorporate heterogeneity both within and between units. Our
model can be employed in a large number of empirical settings. An empirical investi-

gation of labor income processes illustrates some economic insights our approach can
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provide. We find that accounting for individual heterogeneity is important in study-
ing the potential impact of taxes on future income and evaluating how the income
distribution responds to increases in the education levels of sub-populations of the
data. Individual heterogeneity is also important in understanding income mobility
and poverty persistence.

In the econometric analysis, the unknown degree of heterogeneity affects both the
rate of convergence and the asymptotic distribution, making them unknown and con-
tinuously varying across different assumptions on the heterogeneity. While analytical
plug-in methods for inference break down when the degree of heterogeneity varies,
we prove that a simple cross-sectional bootstrap method is uniformly valid for a large
class of data generating processes including the case of homogeneous coefficients.

We could extend our model in several directions. For instance, we could explicitly
include time fixed effects and covariates with homogeneous coefficients in the first
stage. This could be useful in empirical applications which directly model an outcome
variable with trends rather than the residuals. To reduce the number of estimated
parameters, we could model the individual coefficients in HDR using factor structures
as in Chernozhukov et al. (2018b). We could also reduce dimensionality by modeling
the between and within heterogeneity though a pseudo-factor structure where the
value y plays the role of time. For example, in the empirical application we can
model the persistence coefficient as p;(y) = A f,, where A, is a vector of loadings and
f, a vector of factors. Alternatively, we could use the grouped fixed effects approach
of Bonhomme and Manresa (2015). Finally, while our focus here is a panel comprising
repeated time series observations on the same unit our approach could be applied to
a network setting in which there is contemporaneous dependence across units. We

leave these extensions to future work.

APPENDIX A. THE BOOTSTRAP ALGORITHMS

In this section we introduce the bootstrap algorithm for confidence bands.

Algorithm A.1 (Confidence Band for Projections of Coefficients).

Step 0: Pick the confidence level p, number of bootstrap repetitions B, region
Y and a component of the linear projection. This amounts to selecting a
vector m such that n'vec(8(y)) over y € Y is the function of interest.

Step 1: For any y € ), obtain the debiased DR coefficient estimates

By) == {B;(y) :i=1,... Nu(y)}
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using (3.1), and the estimates of the linear projection, a(y), using (3.2).
Step 2: For any y € Y, let {(B:(y),w;*,z;*) :i=1,...,Npi(y)} be a random
sample with replacement from {(8,(y), w;, z;) : i = 1, ..., No1(y)}. Compute

No1(y) No1(y) -

BiwE W) | X ZHWE W)

No1(y Noi(y)
z Z wiw* w
Fhad i
j=1 j=1

Step 3: Repeat Step 2 for B times to obtain {§Z(y)}bB:1 for each y € Y.
Step 4: Let ¢, be the booststrap T-quantile of

n'vec(8; (y) — 0(y))
5*(y)

where s*(y) could be either the bootstrap standard deviation or rescaled in-

B

b=1

terquartile range of {n’ vec(az (y)}2.,. See remark A.1 below.
Step 5: Compute the asymptotic p-confidence band

Cl,(n'vec(8(y))) := [n'vec(8(y)) — ¢-5" (), n'vec(B(y)) + g,5* (y)]-

Remark A.1 (Standard Errors). We show in the appendix that the bootstrap stan-
dard deviation s*(y) is consistent, (s*(y) —o(y))/o(y) = op(1), uniformly in y, where

= /mEnr(y)n. The bootstrap interquartile range rescaled with the standard
normal distribution is an alternative: s*(y) = (¢%5(y) — q¢%5(y)) /(275 — z.25), where
q is the bootstrap p-quantile of n’vec(az (y) — a(y)) and z, is the p-quantile of the
standard normal. Our theory covers both cases.

For the actual and counterfactual distributions, it is convenient to express the

estimator in (3.3) as

)= 2 Wilvihta). Bl )
with
Ni(y)

Vi(y; 2, b) = 1{i< No(y)}A(—a'b) +

—1{i < Nm(y)}%tr <A(_wlb)m,§"(y)_l> ’

to simplify the notation.
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Algorithm A.2 (Confidence Band for Actual and Counterfactual Distribution).

Step 0: Pick the confidence level p, number of bootstrap repetitions B, and
region ).

Step 1: For cach y € Y, obtain the debised estimate G, from (3.3).

Step 2: Let {(wft,B:(y),wj,z;‘) :1=1,...., No1(y)} be a random sample with
replacement from {(wit,Bi(y), w;, z;) i =1,...,Nopi(y)}. Compute

~g* ~%
%

Giln) = 5 2 Wiy bl B (). B () = Bllw) + 8 Wla=1) - =),

where ?(y) is defined as in Step 2 of Algorithm A.1
Steps 3-5: The same as Steps 3-5 of Algorithm A.1, with (@*, @) in place of
(n'vec(®"), n'vec(B)).
The bootstrap inference for the actual distribution Fi(y) is a special case with
h(x;y) = x; and g(z;) = z;. Finally, the algorithm below computes the confidence

band for the quantile effects.

Algorithm A.3 (Confidence Bands for Quantile Effect).

Step 0: Pick the confidence level p, number of bootstrap repetitions B, and
region of quantile indexes T .
Step 1: For any 7 € T, obtain the estimate C)\Et(T) using (3.5).
Step 2: Compute the bootstrap draws of @t(T):
(1) Obtain ﬁt* and @f as in step 2 of Algorithm A.2. For ﬁ’t* ,set h(xy) = xy
and ¢(z;) = z;.
(2) For any 7 € T, calculate

QEt (T) = (Z(@:? T) - 5(‘?;7 T)'
Steps 3-5: The same as Steps 3-5 of Algorithm A.1, with (C/)TE:, (5\Et) in place
of (n'vec(6*), n'vec(f)).

Remark A.2 (Computation). The most computationally expensive task is the com-

putation of coefficient estimates, which is conducted only in Step 1 of the algorithms.

Remark A.3 (Stationary Distributions and Effects). The bootstrap algorithms for
stationary distributions and quantile effects are omitted because their steps are similar

to the corresponding steps in Algorithms A.2 and A.3.
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APPENDIX B. ADDITIONAL SIMULATION RESULTS

B.1. Design 2: Calibrated Model. Next, we simulate a dynamic distribution re-
gression model from a heterogeneous-coefficient autoregressive model with calibrated
parameters using the PSID data.

Specifically, using the empirical data, we first estimate the following model
Yi,= —Boi — 511'5%71 + O€44, (B-l)

for each in-sample individual ¢ to calibrate By;, 51; and o, which we then use to
calibrate the second-stage model parameters (6go, 61,010, 011) and og, 01 by running

the regressions
Boi = Ooo + w601 + 00704 (B.2)
B = bho + w011 + O1Y1,i-

where Y;; is the outcome variables (residual log income), and wy; is the vector of in-
dividual characteristics consisting of the variables edu, race, birth, and initialsalary.
Letting x; := (1,)/;,,5,1)', w; == (1,w};) and assume €; ~ N(0,1), we may then

rewrite (B.1) and (B.2) into the following heterogeneous dynamic distribution regres-

sion model
P(Yi: <vylzy) =2 (Eo,z‘ (y) + El,z‘ (v) Yi,t—l)
where
Bos ) = L0 () it o (B3
§1,i (y) == /6: — 0, (y) w; + 011,
~ Ooo Oo1\’
o (y) = (y+ —) ,
o o

i (y) = (9—9—)
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TABLE B.1. QTE of Increasing edu by 1

Estimator MSE x 1072
Quantiles 5%  25% 50% 75% 85%

No-debias 0.015 0.015 0.022 0.019 0.015
Analytical ~ 0.012 0.07 0.016 0.016 0.015
Jackknife 1.99 154 148 1.76 2.03

We then simulate Y;; according to models (B.1) and (B.2) based on the calibrated
values of 3, o, 0¢ and o; and calculate the implied distribution regression parameters
EO,i (y), 51,1* (), 6o (y) and 6; (y) based on (B.3), and apply the estimation methods we
proposed in this paper to estimate the quantile treatment effects of a counterfactual
increase of edu; (education) by 1 year for every individual in the sample.

Table B.1 reports the results about the MSEs of our proposed estimators, one using
analytical debiasing (“Analytical”) and one using jackknife debiasing (“Jackknife”),
in comparison with the estimator without debiasing (“No-debias”). Here we note that,
while the estimator with analytical debiasing performs well and generally better than
the one with no debiasing, the jackknife debiased estimator suffers from notably larger
MSEs. The main reason underlying the problem with jackknife debiasing here is a
drastic worsening of the split-sample estimator on half of time periods, which seems
to come from a reduction in the variations of the outcome variable. This suggests
that the anlaytical debiasing be used when the number of time periods is relatively

small.

B.2. Dynamic probit model. We also consider a dynamic probit model
Pyir1(y) = Uyie(y), Bily)) = P(yie(y)Biy) +0.1)

The outcome variable depends on y € (0,1) through the coefficient g;(y). We inde-

pendently simulate the relevant variables and the initial y; ¢ as follows:

(w14, wa4,7;) ~ Uniform(—0.5,0.5), v 0(y) ~ Bernoulli(0.7).

As for the coefficient function, we take 0(y) = 0.5/T2%" which is strictly decreasing
and depends on T'. Note that

Voly), y—1

Ynr(y) = ~
%BVar(%), y—0
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Hence the convergence rate of Xy (y) varies as y approaches to either boundary of
its support. Also note that |5;(y)| < 0.65 almost surely so Yi(y) is stationary.

Table B.2 reports the coverage probabilities of the confidence band for {0(y) : y €
M}, where M = {0,0.2,...,1}. The three bootstrap based methods: proposed, no-
debias and conservative bootstrap, perform overall satisfactorily, while the two plug-
in methods are either very conservative or under-coveraging. In addition, Figure B.1

plots the true and estimated standard errors of 6(y). As expected, the two plug-in

standard errors are not uniformly good.

TABLE B.2. Coverage Probabilities of {6(y) : y € M} in dynamic probit model

Methods
T N | Proposed No-debias Conser-boot Plugin-over Plugin-under
200 300 | 0.947 0.945 0.950 0.996 0.894
400 | 0.961 0.956 0.954 0.995 0.910
250 300 | 0.945 0.940 0.943 0.997 0.886
400 | 0.951 0.948 0.949 0.997 0.909
300 300| 0.950 0.951 0.959 0.996 0.894
400 | 0.953 0.947 0.953 0.996 0.886

o~

F1GURE B.1. Var(v;(y)) and estimated and true standard errors of 6(y) for
y € M in the dynamic probit model. N = 400,7 = 300.

Var standard errors
} () oo
—se (y)
0.4 0.06 "+ plug-in-over
-+ plug-in-under|
: —true se
0055 e,
o N T
0.04 ..
0.1
0.03 =
0

0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
y y

APPENDIX C. TECHNICAL DETAILS

C.1. Debiased estimators for 3,(y). First of all, recall that Ny(y) is the number
of indexes ¢ for which y < Y, N1 (y) be the number of indexes i for which y > 7,, and
Noi(y) = N — No(y) — Ni(y), that is the number of indexes i for which 3,(y) exists.
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In addition, the imposed assumptions ensure that with probability approaching one,
the following event holds:

Forally € Y, and all =1, ..., N, we have min,<p y;; < y < max<r Y.

Under this event, No(y) = N1(y) = 0 and Ny (y) = N for all y € V. So throughout
the technical proofs, we condition on this event, which would not affect the asymptotic
results.

C.1.1. Analytical Debias. The initial estimator can be expanded as

~ 1 1

Bi(y) — Bi(y) = —Au(y)VQy.i(B;(y)) TBMT(?/) - TBMT(Q) + Ri(y)

where Ay = [VZEQui(B,(y))] ", VQyi(Bily)) = — X7 buly) and Ri(y) is the
higher order term. To describe the first-order biases B;1r(y) and B;or(y), write

Ay = [V2Qy,i(/8i(y>)]_la Agi = V3Qy,i(/6i(y>>7 and Ag; = V3Ele(,Bl(y)) Then
1 1
AhﬁvQyz(ﬁz(zD) = ﬁ Zt: Ay (y), \/T[Ai-l - Ai‘l] = ﬁ Xt: w’?t(y)'
Here @, (y) is dim(8;) x dim(8;). Let @, ,(y) be its k th column and
1 Mi(y) Myy(y) Avi(y)
— gz = ’ s Ez = .
VT Et: t] (MQ,k(y) Mz (y) > t ( @it (Y) )

Biir(y) = %AuA%vec(Ml(y))
tr(Msa(y))
Biar(y) = —Ay : ) (C.1)
tr(Ma,aim(s;) (¥))
Hence we can estimate B;17(y) and B, or(y) by replacing V; x(y) by its estimator

Vik(y) :== Var

Then

XA/,L-,k(y); the latter can be obtained by the Newey-West truncation.

T L
. 1 U | N -
Virly) = 7 > laly + T 30> ity + lie-m ).
t=1 h=1 t>h
Let B\i,lT = %&u&ziveC(Z/\/Tl (y)) and RQT be defined as B; o7(y) with Ay; and My (y)
replaced with their estimates.

C.1.2. Jackknife Debias. Alternative to the analytical debias, we can also employ the
sample-splitting Jackknife debias to remove the higher order bias, which was used for
instance, by Dhaene and Jochmans (2015); Okui and Yanagi (2019).
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Randomly split {1,...,T} = Z UZ¢, so that |Z| = T/2. Let @,Z(y) be the same
estimated 3;(y), but using data only for ¢ € Z. Similarly, let 3; zc(y) be the estimated
B,(y), but using data only for ¢ € Z¢. Let

Bily) = 3 uw) + Bz ()

Then the Jackknife debiased estimator is defined as:
Biy) = 2B.(y) — Bily).

C.2. The counterfactual distribution of stationary distribution.

C.2.1. The model. We recall that the stationary distribution is defined as F.(y) =
E[F; ()], where F; o (y) = Zk;ykgy mik; the ergodic probabilities m; = (w1, ..., Tix)

are

I, — P,
m = (AjA;) ' Alegi1, Ai= ( Kl, ' )

and eg 1 is the (K + 1)th column of Ix,4. Also, P; is a K X K matrix with element

Pije = Pr(ya =yl | yie-1) = 9, Fie) = A (‘w?’ﬁi(yf)> —1(j > A (—wf/ﬁi(yf_l)) :
Hence we can write
Fo(y) = Efi(B,y)

where 3, = vec(B;(y}), ..., Bi(yX)) and
K

fi(Bi,y) = Z 1{yf <yte,Gi(B), Gi(B;) = (AéAi)‘lAéeKH.

k=1

The counterfactual stationary distribution is defined as

where
K

fi(Bi 0 y) = Y 1yl < ylei(Ai(B;,0:) Ai(B;,6:) " Ai(B,, 6,) exci

k=1

and A;(3;,0;) is defined as A; but with 3, replaced by

B = vec(Bi(yl) + 0(yf)(g(zi) — 1) : b =1,..., K).
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C.2.2. The Estimators of stationary distributions. Under the condition that A ( ¥ B (yZ )) =
1 for j = K, we have

N
~ 1 1
F, == ; TN
)=+ Y By - 7y 2B
where Em = Jtr [@%fi(gm HEDI 21t2;t:| and

Zi = vec(Au(yD) P (yl), oo A (yI)0a(yX)).

Similarly, we estimate G, by the following bias-corrected estimator:

Zfz #0:.) QNTZtr[aﬁfzﬁz,emy > 242,

C.3. Definitions of leading terms in expansions. We shall show that

F(y) - Bly) = %i%d&,xwdmn +op(Gur(y)
Gly) — Guly) = %é%dwywdﬂi(m +op(Gur(y)
Fuly) — Fuly) = %é%dmwmw+0p<<NT<y>>
Goely) ~ Gcl) = %é%dﬁ;ﬂywdﬁ”(yn+0p<<NT<y>>
Q)= QEr) = Izt + 07 + on(Gon(r)
GE(7) = QExlr) = 3 Dol ) 4273 ()] + on(Gr(r)

The involved terms are defined as follows. We introduce some notation. Let
Z 1 = vec(Ay; ()W), o Ay ()5 (W) Zi = Zigys.

In addition, gue o(7) = ¢(Fuo, 7), and goo 17(7) = ¢(Goo, ), and Vi = vec(Yi(y), ooy v ().

&) = %ZA(—mztﬂi<y>>a:;tAu<y>wu<y>7
dyi(y) = %Z[w;sméw)+A(—hit<wit>’ﬂ§<y>>w;tmu<y>¢it<y>

1

o~
I
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dg,i(y) = A(—m;t_ﬁi(y)) - Et/\(—wétﬁi(y))
dl(y) = wiSw.Gy)viy) + M—ha(zi) B)(y)) — BEA(—hu(zi) 8] (y)),

1 T
dooz‘(y) = —0 fi(/givy)/_ VAT
v 0 ﬁz
() = f(Biy) —Ef(B:y)

oo, I T 1 / 1 / . 1 /
dy (y) = T Xt: 95 fi(y) Zji + Nis Xt:Hjt(y>’ijwza Hji(y) == N Zi:aefi(y) Zji

00 1 / / 1
dy}jll(y) = N Zaé‘fz(/gm 017y) 7j,iijwz + N Z f(/gza Bzay) - ]E’f(/gza eiay)a

pyi(r) = (M)A ((Grm)) + K(r )d?pz( (£, 7))
pilhir) = &(n)d(¢(Gh 7)) + () (o(F, 7))
() = M)A (G(Goor 7)) + 52(T)dT (G(Fae, T))
P (r) ffOOH(T)dOOH( P(Goo T)) K2(T)d55 (0 Fooy 7))
where G(y) = —E.A(—hi(zi)' B (y))vec(zir(g(z:) — 2:)'), and
W) = W)=
Gt(¢(€t1,7'))’ Ft(¢(FtaTl))
ko1 (7) , (T = ————. (C.2)

Coo($(Goo, 7)) Foo(0(Foc, 7))
C.4. Further technical conditions. We additional assume the following assump-

tions.

Assumption C.1 (For Jackknife). (i) For each i, {(Yit,xy) : t =1,...,T} is serially
strictly stationary.

(ii) Long-run covariance: write

i, T : Z wzt vec (y)),)

Then almost surely, limp_,o, Cov(p;r(y)) ezists and

max sup |[Cov(pir(y)) — Jim Cov(pr(y))]| = O(T/2).
Y o]

For the estimation of QE, we additionally require the following.
Assumption C.2 (For QE). There is C' > 0, so that

Vari(d) ;(qo(7))) + Vare(d} ;(ar(7))) < CVary(s°(1)d) (qo(7)) + ' (7)d} (a1 (7))
Vary( q/z(qo(T)))+Vart(d'ly,]i(qﬂ(7-))) < COVar(k'(7)dy;(q0(7)) + &' ()d”(qH(T)))-
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Assumption C.3 (For stationary distributions). (i) Ford = 1,2, max; Esup, |04f:(8;, y)|* <
C. Also
max; Esup, [|04£i(8;,0:, y)||* < C and max; Esup, [|0§ fi(8;, 0, y)||* < C.
(ii) For every yy,ys, for d=1,2,

E sup [|05fi(Bs,y1) — 95£i(Bs o) ||* < Ce*

ly1—y2|<e

E sup ||agfl</3w 0i7y1) - agfz(/aw 0i7y2)|’4 S 064

ly1 —y2|<e

E sup Hagfi<18i7 0;,y1) — 33]2-(@,01,%)\!4 < COet

ly1—y2|<e

In addition, for f; € {f:(B;,v), f:(B;,0i,v)}.

|fi(y) — Efi(yr) — (fily
Ep(yil;gd \/Var (fi(yr))Var(f,
p Varlilun)) = Var(fi(y2)
pnaz)<s  Var(fi(yr))Var(fi(y2))

E ||89f1(/817017y1) a@fz(ﬁ zay2)” ||7]z ;“2

p(y1,52) <8 ) V(1) Vy (12)
T = V)
p(y1,y2)<d ( )V( )
(m) Hagfi(bl y) 8[23f1<b27 )H < C( )Hbl_bZH andH@Efz(bl, z,y) aéfi(bzﬁi,y)\l <

C;(y)||br — ba|| where supyNZ Ci(y)* = Op(1).
(iv) Esup, Hf S 0sfi(Biy)' Ziu|| T < C for some a > 2. In addition,

) —EL@)P _
)
g

< 52

T
1 1
Esup ||—= Y 05fi(B;,0i,9) Zu||*™ + Esup | —= Y  Hu(y)w;||*"* < C.
y ﬁ;ﬁ PRl g 2 e

(v) Esup, [Zt(gi(y))]% < C, for all
gz(y) € {f(ﬂm y)a a@fz(ﬂw eiv y)/7j,iw;swz + fz(law 0i7 y)}
(vi) B[l J5 >oimy Zall*1B] < C and 2 Bl wiSue Il 77 22 Zieall* < C.
(vii) Let Vi, x, denote the (ki, ko) th block ofVar(\/LT > Z | B, w;), which is a ma-
trixz collecting patrwise conditional covariances between elements of Z i, and Zj , .

We have maxy, g,<n ||Viy k| < C.
(viii) Var,(d3%) + Vart(di‘fgn) O(Var(pzozn)).
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APPENDIX D. THEORIES FOR THE DEBIASED ESTIMATORS Ez
Using the true value §; := 3,(y) (we drop y for notational simplicity), define
1 1
Ry = §A1iA2iE[(A1ini(/@i)) ® (A, VQi(5:))] — §A1iAQi[(A1iVQi(5¢)) ® (AL VQi(5)]
Ris = 11%11‘[(1412-1 - Ail)Aqui(ﬁi) - E((Afil — Ail)AuVQi(ﬁi))]
Bisr = SAuAE[(AVTVQi(5:)) @ (AuVTVQi(B:)]
Biar = —AuENVT(AG — ALHALWVTVQi(B):

Standard first-order Taylor expansion gives

Bi — B; = —V2Qi(B) 7'V Qi(B:) + A (D.1)

where for some 3] between EZ and f3;,
A = =V2Qi(53) T [V2Qi(B]) — V2Qi(8)](B; — By).
Let Ay = [V2Qi(8:)] 7", Az = V2Qi(8:), Aui = [VPEQ:i(5:)] ™", Ag = VPEQ4(5:).
D.1. Asymptotic expansion for Ez Recall that the jackknife debiased estimator
is
Bi =B — (Bz - 51')

and the analytical debiased estimator is given by

/B’L ﬁz [ i,1T + Bz ZT]

Lemma D.1 (Jackknife debias). Additionally assume Assumption C.1. Let R; 41 be
similarly defined using data in I, and de = [dez + Riaze]. Then the jackknife

estimator satisfies: for some R;q, (we drop y for notational simplicity)

- 1 _ _
Bi — B = —Auf Xt: Yir(y) + Rig+2R;4s +2R;5 — Ris — R; 5

where sup,, 5 32, | Riol|* = Op(T~?) and 7 3=, ¢u(y) = VQi(Bi)-
Proof. By Lemma D.3, for sup, % S AN = O0p(T73),

~ 1 1
Bi—pBi = —AuVQi(f) — T Biir — TBi,QT +Ria+ Ris+ A
1
= —A,VQi(5) — TBi +Ria+Ris+ A+ Ri7

where

Bz‘ = lim Bz‘,lT + lim BLQT
T—00 T—o0
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L .. .
Ri,? = T(%EEO Bi,lT + Tlgrolo Bi,2T - Bi,lT - Bz‘,QT).

Note that the existence of limy_,o B 17 + limp_,o B; or follows from Assumption 5.2
because B; 17 + B;or is a function of Cov(u; r(y)|w;) and Ay;; Ay; does not depend
on 7' due to the serial stationarity. We introduce B; = limr_,o B; 17 + limp_,o0 B; o7
in the above expansion so that the higher-order bias —%BZ- becomes independent of
T'; in contrast B, 17+ B, or may depend on 1" due to the weak serial dependence. The
fact that B; is independent of T is required to apply the jackknife debias devise, as

we show below. By Assumption 5.2
1 _
SR < o),
Similar expansion holds for Ei,z and Bﬂc, whose sample size is T'//2. For instance,

_ 1
Biz — Bi = —AuVQiz(8i) — T_/23i + Riaz + Risz + Aiz + Rirz.

Let A; = %[Ai,Z + A z¢]. Therefore, with 3; = %[Ez + @Ic]:

1 2 _ _ _ _
Bi—pi = _Alia[in,I<6i> + VQiz(58:)] — TBZ' +Rias+ Ris+ Riz + A,
92 _ _ _ _
= —A;VQi(5) — TBZ' +Ria+Ris+Riz+ A +Rig

where we note that the definition of B; does not depend on the split sample, and

- 1 (R S
Ri7» = é[Rﬁ,IﬂLRﬁ,Ic}=>NZ||R@7|| = O0p(T77),

1 ~ _
SIAE = op(T)

R,s = —1{T is odd}

TA_lil [VQi(5) — VQiz(8:)], if |Z| = (T +1)/2when T is odd.

Then uniformly in y,
¥ IRl < Or(ezg) 3 SIVQUEI? + 9 @ua(B]7] = Op(1),
Hence
Bi—Bi = —%Bi + A+ Rig+ Ris+ Rig+ Rig — (A + Rig+ Ris + Rix).
So the jackknife debiased estimator EZ = B; — (B — El) admits:

~ —

Bi — Bi = —ALVQi(Bi) + Rig +2R; 4 + 2R, 5 — RiA —Ris
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A D D 1 2 —
where Ri79 = 2Az - Az - RLg + 2RZ’77 - Ri,7 and N Zz ’|RZ79|| = OP(T 3). ]

The following lemma characterizes the analytical debias, without assuming time

series stationarity.

Lemma D.2 (Analytical debias). Use the true value ; := B,(y) (we drop y for

notational simplicity). The analytical-debiased estimator satisfies: for some R; g,

. 1 _
Bi — Bi = _Alif Zt: Vir(y) + Ria+ Ris + A,

where sup, + >, A2 = Op(L2T~3).

Proof. 1t follows from Lemma D.5 and Lemma D.3,

~ 1 1 1

Bi—Bi = —fBi,lT(y) — ?Bi,QTQJ) — Auf Z VYir(y) + Ria + Ris + A

t
1~ 1~ 1
= —=Biir(y) — =Bior(y) — A Z Vi(y) + Ria + Ris
T T 1 T - 1 1

+A; — ( Bz ar(y) — 7D Biair(y)) — (?Bi,QT(y) - TBi,QT(?/))a

A,
where sup, & 3, [|A;]12 = Op(L?/T?). O

Note that Lemma D.3 below does not assume the serial stationarity.
Lemma D.3 (Undebiased estimator). Then for some A;,

1 1
B — Bi = Biir(y) — TBZ or(y) — A= Z Yir(y) + Ria+ Ris + A

where sup,, % > 1Al = Op(T?) and 7 7 2 Yu(y) = VQi(B).

Proof. For notational simplicity, we drop y. The notation for higher order matrix
derivatives associated with Taylor expansions are as defined in Rilstone et al. (1996).
For a real-valued function Q(f), let V3Q(3) be a dim(3) x dim(3)? matrix, whose
J th row is given by [vecV?(9;Q(f8))]’. For instance, when 8 = (z,y)’, then the first
row of V3Q(z,y) is given by

[aig, a:vyg7 8ya:gv 859]7 g = OCCQ(xv y)

With this notation, the third-order Taylor expansion leads to

= e = —VPQuB) V(B — 3V QB VBN — B @ (B — B) + i
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where ® denotes Kronecker product and
1 _ N ~ ~
Riy = _6V2Qi(ﬁi) AQUBHI(Bi — B) @ (B — Bi) @ (Bi — Bi)]-

Substituting from (D.1),

lAliAZi[(_Alini(ﬁi) + A;) ® (—AuVQi(Bi) + Ai)] + Ria

Bi—Bi = —AuVQiB)
1

= —A,VQi(5) — §A11A2i[(141iv@i(ﬁi)) ® (AVQi(8:)] + Rip + Ri2
= —A,VQi(5) — %AMA%[(AMVQi(ﬁi)) ® (A VQi(6i)] + Rin + Ris+ Ris

4
= —A,VQi(5) — %Bi,lT + Z Ri g+ [Ay — AulVQi(5i)
- _Alva (/B’L 71—, 1,1T + Z Rz d z 2T (DQ)

where

Ry = filqui {[(-ALVQ;(8i) + A) ® (_Alinli(Bi) + A)] = [(AVQi(8:) ® (AVQi(B8:)]}
Ris = §A1iA2i[(A1iVQi(ﬁi)) ® (A VQ;(5)] — EAliAZi[(AliVQi(ﬁi)) ® (AL VQi(5:)].
Ris = Au[AG — AL (AL — AL VQi(6)).

By CS and Holder’s inequalities, and Lemma D.4, Assumption 5.5,

N
1 1 ~
NZHRz‘,lHQ < OP(l)(NZH/@z‘ — BilI*)** = Op(T~?).  (by Holder p = 4/3,q = 4)

TR < J ZHVQW Il ZHA I+ 0 (1) ZHA I* = Op(T7?).
%ZHRLSHZ < \/ ZHAM Ayl + ZHAzz A21H4\/ ZHVQW y))II®
Z — 0T,
%Z [Rigll> < OP(l)\/N Z [ Avi — Ah’”‘l\/ﬁ Z |AG — A12-1H2\/ Z IVQy,:(B;(v))]*
Z _ op(TY. Z

1
NZHRMHQ < O(T™?), (Assumption 5.2).

Hence for Al = R@l + RLQ + RZ’73 + Ri,6 + Ri,% we have

1 1
T Biivr — =Biaor + Ria+ Ris + A

Bi = Bi = —AuVQi(8) - T
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and sup, + >, [|A]]> = Op(T73).

D.2. Technical lemmas. Lemmas in this subsection do not assume the serial sta-

tionarity.

Lemma D.4. Uniformly iny € ),
(i) L0 18— Bill® = Op(T4).
(ii) £ SN A = Op(T1).
(iii) % > 1A — Agl|* = Op(T72) and & 7, | Az — Agi||* = Op(T72).

Proof. For notational simplicity, we drop y in these quantities. We have
Bi = Bi = =V2Qi(b:) 'V Qi(5)

where b; is between ,52 and ;. Hence
sup Zn@ Bil* < Op(1) sup—ZHVQZ By)I®
y
< Op(T” )maxESHPH\/—Z% YII* = O0p(T™)

where the first inequality is from: sup, sup, [|[V?Q;(b)~!|| = Op(1) (Assumption 5.5).
(ii) Since V2Q;(8) is differentiable with a uniformly bounded gradient,

—Z At < Z 18 = Bill* = Op(T7).
(iii) Since sup, max; ||Ay;]| < C almost surely and sup, max; [|Ay|| < C,
1 A 1 , 1
NZ:HAM_AMH < Op (Tz)maXEsupH\/_szt )| Op(ﬁ)'
1 A 1 . 1
N;HA%_A%H < Op (T2>maXESUPH\/—an nll OP(ITQ)_
O

Lemma D.5. Suppose V; . (y) is independent of W. In addition, suppose there is ag,it

so that for d = 1,2,, sup, 517 > lal 4|I* = Op(1) and for all by, b,

V94,0 (b1) — Vqya(b2) || < [|ad ;]| 1161 — Dol
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Also suppose as N, T, L — oo,

T L
1 1 1
=Sl + 23 et Cimlly) = Var(—= ¢
T o Eltgzt + T [gltgz(t—h) + i(t h)fzt] ar(ﬁ : t)

h=1 t>h

2

E sup = Op(T71).
y

Then uniformly iny € Y,
(i) + > | Binr — Biar||* = Op(T71).
(it) % i | Bior — Biar|* = Op(L?/T).

Proof. (i) By Assumption 5.5, HAMH | Ag|| and Ay are all bounded uniformly in i
and y. Then by Lemma D.4 + ¥ D HBZ 17 — Biar||* < ay + az + a3 where

a = ZIIAu Al | Asivec(My (y))|” < \/ ZHAu An!l‘*\/ ZHMl )t

< OP( Y

0 — _ZHAMAQZ Ai)vec(M ()2 < \/ ZHAZZ AQZH‘*\/ ZHMl It

< OP( D)
as = ~ Z | Asihaivec(M(y) — My (w))])* < %Z 1Siy) - Var% 2 AP

and il(y) = %Zt ,&h@t(y)@t(y)’,&h Note that

%Xijnii(y)—Va"(%Zt:Au%t(yﬂW)HQSOP(T ZHQ/J“: — Yu(y)[|*
< Op(T )+ ﬁZnaiitnﬂr&(y)—ﬁi<y>||4
< Op(T™ NTZH o) (= leﬁ W)*)V = 0p(T ).

(i) % > ||Bz,1T — Boar|* < ay + ag where

1 ~
0 = YA AT < \/ > - Auw\/ > )l

< Op(T™1)

2

1 tr(Maa(y) = Moa(y)) . :
@ = Z Ay : N < mAX Z HMM(?J) — MM(y)H
' tr( Mo dim(s,) () — M2,1(y)) '
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t 7
ZM + = ZZ Carlliy_py + Lige—nyliy] — Var( \/_Zét

h 1 t>h

+max— Z | Jite(y) Jie(y)" — Jz‘t(?/)jit@) [&

+max—2|l—zz Jit it n) Twlll? = Op(L*/T).

h=1 t>h

< maX—

where Jy(y) = Aulpit(y)wftvk(y) and Jit(y) is its estimator by replacing Aq;, ¥ (y)
and w?(y) with their estimates.
O

APPENDIX E. PROOF OF THEOREM 5.1

E.1. A high-level weak convergence result. Suppose a functional estimator has

the following expansion:

D) = 006) = 3 3 | Jdosli) + ()| +on(Gurl) (B

where Cyr(y) = (NT) ™2 + N=V2V,(y)]], and define

Volye,ui) = I%dqp,i(yk)dw,i(yl)» V. (Yx, wi) = Ed., i (yx)d- i (1)
o (yry) = fvw(yka?/z)ﬂLVv(yk,yz)
1
ory) = iy, sir(y) = 07 ()
Vply) = V¢(y7y)2, Vi(y) = Vy(y,v)
H — hm O-T(ylﬁyl)

T UT(yk>UT(yl))MXM

We make the following assumption.

Assumption E.1. (i) Edy,(y) = Ed, ;(y) = 0, Edyi(yx)d,.i(y)) = 0 for all y, yi, u.
(ii) We have 0 < ¢ < inf, Vy(y) < C. In addition, V,(y) € [0,C], with zero as a
feasible value for V. (y).
’a a dy,i ’la
(i) Esup,, |dy;(y)*** + Esup, |Tgyyg\ < C for some a > 2.
(11i) For any 6 > 0,

52

IA

sup

E sup |dyi(y1) —dy., - _
p(y1,y2)<d p(y1,y2)<d 1/ V«, y1) yz)
)

_ _ v,
sup (Valn) ~ Vo) 4 sup 1Y

1
p(y1,y2)<8 p(y1,y2)<8 v(yl

dyi(y2)]? + E |dyi(y1) = dyilye)
i\Y2 (
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Proposition E.1. Suppose {dy;(y),d,:(y) : y € T} are i.i.d. across i. Assumption
E.1 holds. In addition, for each M, and any (y1,...,yn), suppose the M x M matriz
H as defined above exists, and Apin(H) > ¢ > 0.
Then R
10=90) g
snr ()
where G(+) is a centered Gaussian process with covariance kernel

o2 (Y, 1)
Hlge. ) — lim CTWe8)
(s ) = 0 S o )

Proof. We have 0(y) — d(y) = SN | ai(y) + OP(CNT( )) where

ai(y) = N\/—dwz( y)+ dw()

Below we prove the weak convergence of » . a;(.)/snr(.).
(i) show the fidi of ) ", (.)/snr(.). For any finite integer M > 0, and any y1, ..., Y.
Let A; = (ay(y1)/snt(y1), -y ai(yar) /snr(yar))'. We shall show

g>A
\/T—>N(01)

for any g # 0 as an M-dimensional fixed vector. Here

Hy = Var(}_ A) = (M) H = lim H
T i i UT(yk)UT(yl) M XM, T T,

Then the fidi follows from the Cramer-Wold theorem.
We proceed by verifying the Lindeberg condition. First, we bound Y. E ((¢'A;)*).

> E((g4)") < Mgl ZE<Z e )

SNT(ym)
< Mgl ZE(Z ”Zi; y;n 1, ||dN<%| )
< CIIgII“NZE{dF’i@’”) 4 ilym)® } :0(“9”4). (E.2)

= LVelum)® o Va(ym)? N

In addition, Apin(Hr) > Amin(H) — o(1) > ¢ for large T'. Therefore, for all € > 0,
we use the inequality that E|Y|1{|X| > a} < E|Y X?|/a?,

g’;Tg ZE ((Q/Ai)Zl{lglAi| > 6\/9’HT9}>
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m ZE (<9,Ai)4) < O(N7Y).

The Lindeberg’s central limit theorem then gives

Ynr =g >, Ai/vVgHrg —¢ N(0,1). Therefore,

N UA 'H.
I v [ JEETS ) oyt on(1) 59 A(0,1).
Vg'Hg g'Hyg

(ii) Let £°()) be the set of all uniformly bounded real functions on Y. We show
> ai(.)/snr(.) is asymptotically tight in £°()), by verifying the three conditions of
Theorem 2.11.11 in van der Vaart and Wellner (1996). Let

: M e dyi(y)
bi(y) ?Tcgy)( ) i(y) = ()
b = \/_T—M Cs — d’Y l( )
bi(y) T i(y) AN (E.3)
Let Fi(y) = ;2= = \/Lﬁ(bl(y) +¢i(y)). Define p(y1,12) = Cly1 — ya|*/* for some C > 0.

Condition (1). For every n > 0, and an arbitrarily small a > 0,

ZEsuer L {sup | Fiy)]| > )

IN

n! N ZEsup 10i(y) +Ci(y)|21{sup b:(y) + ci(y)| > VNn}
i Yy
C 1 _ . )
na+1Na/2NZEsgp|bi(y>|2+ a+1Na/2 ZIEsup\cz )P = o(1).

Condition (2): For every yi,y2 € Y,

ZE|F Y1) y2)|2<0 ZEV? (y1) = bi(y2)|? C%ZMQ(%)—%(WW

< CEldy,

1) = dyi(m2)]” + ClVy(y1) = Vi ()| + C
Eld, °

(y
( 1) — 7%(92)
\/‘7( V5 (12)

Condition (3): By Assumption 5.4, for every § > 0,

supZn2P ( sup  |Fi(y1) — Fi(ye)| > n)

n>0 p(y1,y2)<d

< Clyr — yo|"* < p(y1, y2)*

p(y1,y2)<d

< ZE sup |E'(?J1)—E(?J2)|2>
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< E( sup |[bi(y1) — bi(32)] E( sup |ei(n)—ci(y)]?
N Z ( p(y1,y2)<6 NZ p(y1,y2)<d
< CE sup  |dyi(y1) — dyi(ya)
p(y1,y2)<d
> > | ( 1) - 7(y2)|2 2 dvi(y>2
+C | sup V() = V()P +  sup T E |sup dy,i(y)® + sup 2=
oram)<s v sam<s V)V (1) y v Vi(y)
. g 2

p(y1,y2)<d ‘_/'y(yl)‘_/’y(?ﬁ)

Thus all conditions are satisfied; ZS:N—: is asymptotically tight.
Together, the process >, a;(.)/snr(.) weakly converges to a centered Gaussian
process, with covariance kernel
a7 (Yk, 91)
H(yp, ;) = lim ——~22 22
(o) = 1 or(yr)or(y)
(iii) Next, we show that op(1)sup, (nvr(y)syr(y) = o(1). We have
1 1 1
0 - = - = o(l) =o(1
(W/NT)lnfysNT(y) inf, Vi (y) (1) (1)

oi —h, 1/2 -1 o(1) su ‘:/v(y) 12 _
<\/N> yPHVw(y)II vr(y) < o(1) yp( 7(y)) (1)

Hence uniformly in y,

V) =) _ X)L

snt(y) snr(y)

This implies the weak convergence .

E.2. Proof of Theorem 5.1.

Proof. Recall that w; is the exogenous variable and
]' / —1 / / —1
Zﬁ wes Susn = (GWW) W Z(Z' Py 2)

Let S, = C7'Co(CLCTICy)™ where €y = 3, Ew;w) and C, = Ew;z,. Then
1S v —=Sw=]| = Op(N7H2). Also by Lemma H.2, || 5 3.1, vi(y)wi|| = op(1)[|V; (y)||*/2
uniformly in y. It implies that

N

1 , 1 & , 1 1/2
N D i(Y)wSue y = ¥ > 7i(y)wSu- + OP(\/_—)”V L)1 (E.5)

=1 =1
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Write X X
=t =W E.6
vrl) = =+ = IV )] (E6)
By Lemmas D.3, E.1, with assumption N = o(T?), uniformly in y € Y,
O(y) - O(y) = N y [Bz(y) - /Bl(y) wz,N + = Z’Yz wz,N
| NoT
= 7 2 D A wiS ey + Z (Y)W ey
i=1 t=1 1
1 < 1 X
+N;R9wstN+_;[2RZ4+2RZ5 Rz4_Rz5]'LUSwZN

N T N
1 Z Z / 1 E !

2 L P INTV2 2N )+0P( IAMIRE

\/_

1 N T 1 N
- ﬁ Z Z A1’<y)¢“f(y>u};Swz + N Z Vz(y)wiswz + OP(CNT(y))a
=1 t=1 =1
(E.7)

where (a) follows from (E.5) and Lemma H.2. So for  # 0, uniformly in y, n’vec(/B\(y)—
0(y)) = x 2, n'vec(Frapi(y) + ay,i(y) + op(Cnr(y)) where

a/d)ui(y) = %;Alz(y)wzt(y)wgswz

Volueu) = %ZE<vec<aw,@-<yk>>vec<a¢,i<yz>>'>

E (Sqluzwzwgswz) <A12 yk Z wzt Yk 'lvbzt(yl) ‘wz)Alz(yl))] .

s,t<T

Viloks) = 5 D (ecloralun)ec(as )

= E[(S,ww!S02) © Ey(y)s(m) )
Vo) = Voly,y), Vily) = Vi(y,y).

Note that vec(ay(y)) = (S,.wi) ® = Y0y Au()vu(y), and vec(a,i(ye)) =
(S!,w;) ® 7 (y). Hence 6 — 6 can be written as (H.1) with notation

dyi(y) = nvec(ayi(y)), dyily) =n'vec(ayi(y))
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Vw(@Jk;yl) = U’Vw(ymyl)?% V’y(ykayl):nlv'y(ykayl)n-

We apply Proposition E.1 by verifying Assumption E.1.
Condition (i). This follows from the assumption that E(v;(y)|vu(yx), w;) = 0 for

all Yk, Y1-
Condition (ii). First, note that V. (y) > ||7]|*Amin (V5 (v)) and

dyi(y)] < ouwiHn%Zwﬁ(wu, dyi(y)] < Cllrs(y)w)
Vo(y) > [nlPAein (Vs (1))

Esup|dy: (1) < C,|E|w, H4+2aEsup|]\/_Z¢ y)|[++2e < C
Y

dyi(y)* i () wil* 1*
E sup | -Z | < CEsup |——~F——~+~| <C.
Y V’y(y) Y )\min(v’y(y))

Condition (iii). We have

1
E sup |dw,z‘<y1) - dw,z’(3/2)‘2 <C sup [Au(y) — Au(yz)HQESUP ||ﬁz¢itw2|’2
Y ¢

p(y1,y2)<d P(y1 y2)<d
+CE  sup  [|—7= ) vuly1) Dir(y2) | |wil* < 6%
ply1.2) <6 J_ 2 \/_ 2
d i d i 2 i 7 7 i 2
E sup i) — i@l o iy wi —vily)will” o
p(yl,y2)<{ V’y(y1>v (3/2) p(y1,y2)<d \/Amln yl))Amln(‘/y(y2))
s Vo) ~ Vel P <€ swp [Valwn) — Vil < &°
p(y1,y2)<d B p(y1,y2)<é
_ 2 _ 2
ap =T _ (W) =Vl _
p(y1,y2)<é Vi (y1) V5 (y2) p(y1,y2)<é Amm(vw(yl))/\min(vw(m))
Hence Assumption E.1 holds. Thus the weak convergence of %W follows
from Proposition E.1.
0

Lemma E.1. Uniformly iny € Y,
(i) 5 22i Riaw; = Op(775): 7 2o Riaw} = Op(755)
(it) ~ >_; Risw; —OP(T\/»> and & Y, R sw) _OP(T)

Proof. (i) Term % >, R;sw}. Recall that + > R;qw} = + >, [E(M;(y)) — M;(y)]w).
where by (AB) ® (AB) = (A® A)(B® B),

M;(y) = %AliAZi(Alini(ﬁi»®(A1ini(ﬁi))
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= %AUA%(AM ® Alz)(sz(@) ® VQZ(@))

While this is a random matrix, as the dimension is fixed, we consider a one-dimensional
case without loss of generality. In this case, M;(y) is a scalar variable, which depends
on y through ﬁz Let bl(y) = %AMAQZ(AM X A11> and

ai(y) =TVQi(3) ® VQi(5;) — TEVQi(8;) ® VQi(5:)].

Also, let F(y) = —\/Lﬁai(y)bi(y)w;. Then %ﬁ Yo Riaw, =" F(y) and EF;(y) = 0.
Let ¢>()) be the set of all uniformly bounded read functions on Y. It suffices
to show that ), F;(y) is asymptotically tight in ¢*°())), by verifying conditions of
Theorem 2.11.11 in van der Vaart and Wellner (1996).
Define a semi-metric p(y1,y2) = Cly, — y2|*/* for all y € Y and some large C' > 0.
To verify Condition (1) of the cited theorem, note for every n > 0, and fix some

0 < a < 2, we use the inequality 2°1{z > n} < 2"t~ for x > 0 to have:

ZESI;p \Fi(y)\l{sgp |Fi(y)| > n}

"
< 'y D Esuplai(y)bi(y)wi | 1{sup |ai(y)bi(y)wi| > VNn}
p y y
1 -
< WNZESSN%(@/)@(U)WA "

C 1
< v v 2 Esup lai(y)|")lwg*
77a+1Na/2 N Z Y

for some constants b > 0 and m = 4(2+ a)/(2 — a) using Holder’s inequality.
By assumption 5.2 for some ¢ > 0, E[supy(\/if S0 ()W) < C. Note that

without loss of generality, we can write

1 1 1 2 1 1 1 2
ai(y) = 7 zt: wit(y)ﬁ zt: Vi (y) — E[ﬁ zt: %(y)ﬁ zt: Ui (y)]

for some functions E¢},(y) = E¢3(y) = 0. This implies >, Esup, |a;(y)|™ < C.
This verifies Condition (1).
Condition (2): For every yi,y2 € Y,

ZEIE(yl) — Fi(p)I” < %Z(E!ai(yl)bz(m) = ai(y2)bi(y2)| )2 (Ewi]| )2

)

< c% Z@(ym% ;ﬂmaxyl) — aily2)[)? + c% 2 10:(n) — bi(ye) % ;@ai(yz)%l”
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C% Z(]E|ai(y1) — ai(y2)|)'"? + C% zl: [bi(y1) — biye) [

Clys — o] < Cp(y1,y2)*.

In the third line above, % >, [bi(y1) — bi(y2)|* < Clyr — yo* since Ay;(y) and Ag(y)
are Lipschitz continuous with universe constants.

To show + 3. (Elai(y1) — ai(y2)|*)"? < Clyr — y=|"/%, note that the left hand side
is bounded by I; + I, where for A®? := A® A,

I

I

r 1/2
S L STISEEE S RS R

- 1/2
1 1 2 1 214
= _N EZ EKﬁ Et Din(y1))?* = (_\/T Et Vi (y2))"] ] :

The bound for I; is due to the Lipschitz continuity with a universe constant (As-

sumption 5.4). To bound I, we fix any two elements of 1y (y): Vi (y1)* and 1y (y1)?,
and let f;(y) = —= >, ¥u(y)’ for j = 1,2. Then

1/2
%ZEUl(yl)fQ(yl) - f1<yz>fz<y2>|4]

IN

Clms - DB ) — Al (s - ST ELG G

< Cly — y2|1/2-

The last inequality is due to Assumption 5.2. This verifies Condition (2).
Condition (3): For every § > 0,

IA

IA

IN

<

sup ) 11°P < ( sup  [Fi(y1) — Fiyz)| > 77)
p

n>0 " Y1,y2) <8

ZE sup |Fi(y1) — E(y2)|2>

p(y1,y2)<d

Y1,y2) <

%ZE <p( sup  a;(y1)bi(y1) — ai(y2)bi(y2)‘2l|wi”2)
1

1
C=> (E sup lai(y1) — ai(y2) )2+ C— sup |b:(y1) — biy2) ]
N Z ly1—y2|<(6/C)* N Z ly1—y2|<(6/C)*

52

by choosing a sufficiently large C' in the definition of p. In the above, to bound

% S (Esupyy, <oyt 1ai(y1) —ai(y2)[*)/2, note that a similar argument as verifying
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Condition (2) yields, by Assumption 5.2,
1

N ;(E |y17y§|1ir()5/é)4 |fi(y1) fa(yr) — f1<y2)f2(y2>’4)1/2
< C% SE  sup [fAily) — fuly)H)V

i ly1—y2|<(6/C)*

< O@6)0)? < &2

Hence all sufficient conditions of Theorem 2.11.11 in van der Vaart and Wellner
(1996) are verified. Thus ). Fi(y) = Op(1) uniformly in y.
(ii) Term + >, R; sw). Recall that

1 , 1
~ ; Risw; = VN z; Fi(y)
1
F; = —AuM; w;
Mi(y) = T(AG —AL)ALVQi(B) — TE((A — ALDALVQi(5))
We note EFj(y) = 0. It remains to show ) . Fi(y) to be asymptotically tight by
verifying the conditions of Theorem 2.11.11 in van der Vaart and Wellner (1996).

Condition (1): for every n > 0, fix 0 < a < 2, by the same argument as for
% Zl R; 4w,

c o1 . .
> Esuplﬂ(y)ll{supm(yﬂ >0} S RN > " Esup |M;(y)[*"flwi]**
: Y n p Yy
C — a a
< —a+1Na/2N § :[ESUPN_( L= AR ]1/2\[E81;p|ﬁv@i(ﬂi)ls+4 Y%+ o(1)
= o(1).

Condition (2). Define a;(y) = VT A;[AL — AL Ay and bi(y) = VTVQ;(5;). Then
Fily) = Zslay)bi(y) — Eai(y)bi(y)]wé, for E = E(|w;),

ZE|F (1) — Fi()]? < C— ZEM (y0)bi(y1) — aiy2)bi(y2) [ [|wi|?
+CNZEHEC” y1)bi(y1) — Eai(y2)bi (y2) [|* [l ws |
< C% Z[EHGZ(?A) - az‘(?/2)||4]1/2 + C% Z[EHbz(yl) - bi<yz)||4]1/2-

where we used assumption Var(a;(y)|w;) < oo. The second term is bounded by C|y; —
ya|"? = Cp(y1, y2)?. We now work on the first term. Let ¢;(y) = VT[AL (y)—AL ()]

ai(y1) — ai(y2) = Au(y)ci(y)Ai(yr) — Avi(yz)ci(y2) Avi(y2)
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= [Au(yr) — Avi(y)]ci(yr)Ani(yr) + Avi(y2)[ci(yr) — ci(y)]Avi(y1)
+Aq1;(y2) i (y2) [Ari(yr) — Avi(ye)].

Hence
[%ZEH%(%)—az‘(y2)||4]1/2 < leaxHAu(yl) Aui(y2)IIP[ ZEHC@ )] 1/4
Har X Ellitun) — el
< Cly = + [ S Blln) = (o)1

< Cly — y2|1/27

where the bound for terms involving Ay;(y;) — Ay;(y2) simply applies the fact that Ay;
is continuously differentiable with respect to y, with bounded gradients uniformly in
(y,1) (almost surely).

Condition (3): For every 6 > 0, for sufficiently large C,

supZn P( sup |Fi(y1)—Fi(y2)l>n>

n>0 p(y1,y2)<d

< = ZE sup ai(y1)bi(y1) — ai(y2)bi(y2) — Elai(y)bi(y1) — aiy2)bi(y2)] [ [|ws*
N i p(y1,y2)<6
1
< CLYE  swlaly) —a@)) P CL Y E s ) — b))
i ly1—y2|<(6/C)* i ly1—y2|<(6/C)*
1
+CN;E (,)(yfgng”al(yl) — a;(y2)||? H’wzﬂz) sup E||b;(y)|*
1
+CNZE (,,(y?gng”bi(yl) i(yo)|” sz!|2> sup Elja;(y)||*
< (C/O)& +Cl= Z]E sup  lei(yn) — cilwo) 17

i ly1 —ya|<(5/C)*

+C— (B sup  |bi(y) = biya) |
N Z 1~ 2] <(8/C)

+Csup  sup  [Ellei(y1) — ci(w2) I + 10i(y1) — biya)[I?] < 6%
Wi |y —y2|<(6/C)%

The proof of & >°; R; qw)} is the same.

Lemma E.2. inf, Apin (Vi (y)) > ¢ > 0.
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Proof. We first define some notation. For matrices we write A > 0 if A is semipositive
definite, and write A > Bif A—B > 0. Let G;(y) := Ali(y)Var(\/LT Y over Vit (Y))Avi(y).
Let S; = S, ww;S,, and Sy ;(y) = Var(\/LT > i<r Yit(y)|w;). Then almost surely

inf min A\pin (Gi(y)) > inf min A2, (A, Y1) Min Apmin (Sy.i(y)) > c.
Y]u K3 YM 3 ’ K3 ’

So S; ® [Gi(y) — ¢I] > 0, which implies S; ® G;(y)) > S; ® (cI). Let v, be the
eigenvector of Vi, (y) corresponding to its smallest eigenvalue,
inf Anin (Vs (y)) = info E[S; ® Gi(y)]v, > inf v, [ES; ® (cI)]v,
Y Y Ym
M
= C)\min(ESi> = c)\min(S{UzEwinSm) > C.

O

Lemma E.3. Let X;(y1,y2) be a random variable so that there are C,c > 0, for all
e>0 % ZiEsupm_yz‘Se | X (y1,y0)|| < Cec. Then for all y, # yo,

1 C
N > E[X(y1,92)|| < Clyr — 1ol
Proof.

1 11 . .
N;E\X(yl,yz)\ﬁs;gggﬁzE sup || X (y1, v2)|[ly1 — v2l® < Clyr — ol

i ly1—yz|=¢

APPENDIX F. PROOF OF THEOREM 5.2

We present the proof for a general case where, consider functionals taking the form

W (y) = E f(Bi(y), 0(y), Dit)

for some known function f and “data” D;;. This admits both the actual distribution
f(B;(y),0(y), Dit) = A(—=.,8,(y)), and the counterfactual distribution f(8,(v), 0(y), Dit) =
A(=hi(xi)'B7(y)), where B7(y) = 0(y)[9(zi) — zi] + B;(y), as special cases.

We apply Proposition E.1 by verifying Assumption E.1. For any random variable

T, let
Ty — Ky

Var(x)

where [E; and Var; are the expectation and variance operators with respect to the

Zi(xy) ==

cross-sectional distribution of x;; given ¢.
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F.1. The functional 99(y) = E,f(8,(y),0(y), Diy). We estimate it by the debiased

estimator

)= 3 S AB0)80). D)~ 57 S [0 00, D))

where El(y) = —V2Qyi(ﬁ (1)).
Let"aﬁfx y) = aﬁf%(ﬁz( ),0(v),y), flﬁ —aﬁf(BZ( ), 0(y), Dit), fz,G = agf(ﬁ?ﬁ(y)ue(y)vl)it)n
and f;gg = @%ef(ﬂz( ),0(y), Di). In addition, let G(y) = E,0pf(Bi(v),0(y), D),

where 0y is taken with respect to the coordinates of vec(f).

Assumption F.1. (i) max; Esup, ||V f;||® + max; Esup, [|[V2f;]|* < C.
(i) There is C' > 0, for all yy,ys, and 1,

E|0sfi(y1) — 9s.fi(y2)|* + Bl fis(n) — fis(y)* < Clyn — of*.

(iii) E[vit(yx)|Bi (1), Dir] = 0 and Var,(dy i(y)) > ¢ > 0.
(iv) Esup, [Zi(w)Su.G(y)%(y) + F(Bi(y), 0(y), Du))] " < C.
(U) Write f(y) = f(ﬁz(?J% 0(9)» Dit) for simplicity.

E sup | f(y1) — Ef(yi) - ({(92) —Ef(y2))]? <5

= 7, ) = V)P
Yily)w' — i (y2)w' 2 Vi(y) = V5(w2 2

E w0 <& W) = < 62

p(y?};g@ Vo (1) V5 (y2) B p(yil;gd Vo (y1)V;(y2)
(vi) sup, |[G(y)|| < C, and [|G(y1) — G(y2)|| < Clyr — wl.
Define
Vi (i y) = e[ fi(yn) Ari(yr) Z%s Y ) Vi (Y1) Ai(1) s fi (1)),

LW y) = (iOVt[f(ﬁi(yk) 0(yx), D )f(ﬁz(yl) O(y1), Dit))
or(ye, ) = va(ymyl)ﬂLVv(yk,yl)

1

or(y) = or(y.y), S?VT(y)ZNU%(y)
2

H — hm O-T(yk'Jyl) )

T or(yg)or(y) M

Proposition F.1. Suppose Assumption F.1 holds. Also, N = o(T?) and NL* =
o(T?). Then
99(-) — 99(-
-0 g

snr(°)
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where G(+) is a centered Gaussian process with covariance kernel

07Uk, Y1)
H(y,y) = lim — =222
(yk yl) T UT(yk)UT(yz)

Proof. Lemma F.1 shows uniformly in vy,
-~ 1|1
W (y) — P (y) = — —=dyi(y) +dy; +o :
)= 00) = 7 30 | Fests) + 0)| +o0(Crrto)

where 93 f;(y) :== 95 f(8;(y),0(y), Dir), (Nt = \/#—T + V()

dosly) = %Zmzsmc‘:(y) 05 (y))Aus(y)aly)
dyily) = wSu-G)vily) + F(Bi(y),0), Di) — By f(Bi(y), 0(y), Dyr).

We now verify the three conditions in Assumption E.1.
Assumption E.1 (i). This follows from El:(yk)|vi(wi), wi, Bi(yi), D] = 0.
Assumption E.1 (ii).

T T
1 1
Esup |dy:(y)*™ < CEsup||— i (Y)Wl + CEsup || —= w(9)0s fi(y) ||
wp ldu ()7 < up | ﬁ;:lwy) [ | ﬁ;wt(y) 5 fi ()|
d,i(y)? ¢
Esup| 222010 < CEsup [Zo(w!,Su.G(y)vi() + £(8,(y), 0(y), D)™ < C.

y Vv(y) Yy

Assumption E.1 (iii). This condition is verified using the triangular inequality and

A

the primitive inequalities in Assumption F.1.
Hence Assumption E.1 is verified. We then have the weak convergence, following

from Proposition E.1. U

Lemma F.1. Uniformly in vy,

P(y) - () OP(CNT(y)H% (1!50-Cy) — 35 i) o (v ()

+5 2 (Wi Sw-G(Y)%i(y) + [f(Bs(y), 0(y), Dit) — Ee f(B;(y), 0(y), Di)]) -

Proof. Write 0 fi(y) := 95f(Bi(y), 0(y), Dir). Let Gn(y) == 32, 9o (Bi(y), 0(y). Din),
where 0y is taken with respect to the coordinates of vec(f). By the Taylor expan-

sion up to the second order, (for the first term involving 0 — 0, use the identity
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tr(A’B) = vec(A)'vec(B)):

%Zf(ﬁi(y%a(y)»l)it) — f(Bi(y),0(y), D) = Do+ ... + D3 + Iy

Do = 5 Y0 (Bi) - Al)
D= gy L [feBw) -8B - 8]
D, = w[Gn()(O() —6(w))) N
= tr[% Z Gn (Y) A (Y)Y (y) Wi Sw] + tr[% Z G (y)i(y)wiSw:] + or(Cnr(y))
- zw'sma ) Asi(y)aly Zw'smcx 13y + o (Cr (1))
Dy = = Z ) fip0(6 — ) + (6 6) W;m (6= 0) = or(Cyr(v))
(F.1)

where for some a;,
LN Z 3 f(ai, D) (By(y) — Bi(w) @ (Bi(y) — Bi(w) @ (Bily) — By(v))-

We have
1 1

C ~
s <o 318, = AP = Onligg) =orl )
In the above, D, is analyzed by using (E.7). Also all op terms are uniform in y.
To analyze Do + Dl, by Lemma D2, Bl - 51 = —Ah% Zt wzt(y) -+ Ri,4 + Ri’5 —+ ﬁ,
where sup, & >, |A;||2 = Op(L2T3). Substitute to the above expression,

Dy + D,
= SO g S 0al) + g S B + ZH
o= i St [fuslly) — Euy)]
RS S N Is
Hy = %Zaﬂfi ‘A ——Ztr
_% ;tr

fz BAM Z wzt z 4 + Ri,S)/

JEz',BAMT 2 bir(y) Al
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1 .. ~
oo St [Fs(Rus+ Ri)Bily) - B.w)) | + 5 Z tr | fisDi(Bily) - Biv) |
1 1
Uj = Ay—= t(Y)—= is(Y) Ay
(y) 1\@2:%(3/)\/725:1# (y) Ay

We proceed as following steps. Step 1, show 22:1 H, is negligible. Step 2, estimate
the bias Ev;(y) by ii(y)*l and compute the debiased estimator, and show that the
bias estimation is negligible.

step 1. Write F;(y) = ;=tr [fzﬂ(fuz(y) — Evz(y))] Then Hy = = >, Fi(y). We
now show » . Fi(y) = Op(1) uniformly in y by showing it is asymptotically tight.
For notational simplicity, we focus on an arbitrary element of ﬁgBZ(y) and continue
using flgBZ(y) to denote this element with abuse of notation. Since the dimension
of B,(y) is fixed, this does not affect the asymptotic behavior. For any n > 0, and
a >0,

ZEsup\F Isup ()] > ) < 3 Esup [F )1 {sup | F)]| > 1)

= m ZESUP [fi,ﬁ(vi(y) - ]Evz(y))]2 1{51;p| [fz,@(%(y) - Ev,(y))] | > 2v/Nn}

2+a
W/z ZEsup [Fos(wiy) — Eui())]
¢ 41(24a)/4
—_— E sup [v;(y) — Ev;(y)] ]( ta)/4 — o(1)
N“/2771+a N Z v

provided that Esup, [v;(y) — Ev;(y)]* < CE sup, v;(y)* and max; E sup, £ < C.
We recall that f; g depends on y through B, (y). For every y;,y2 € ), by Assumption
5.2 and Lemma E.3, + 3, E(vi(y1) — vi(y2))* < Cly1 — y|. Hence

ZE\E(yl) — Fi(y2)]? < %Z(Elﬁ,ﬁ(m) — Fip ()2 (B (1))

7

C
HN > E(vi(yr) — vi(p) 1 < Clys — yal* + Clys — 12]'* < Clyn — w2,

For every § > 0, and p(y1,y2) = Cly, — y|'/*, for sufficiently large C,

SupZnP< sup  |Fi(y) — yz|>n><ZE< sup  |Fi(y1) — E(y2)|2>

n>0 p(y1,y2)<8 Pl y2)<5

< NZ up|Fop(wn) — Fuol)) 2B spui(s)')

p(y1,y2)<d
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ZE sup  (v3(y1) — vi(y2)) Y2 < 8.

p(y1,y2)<é

Hence all conditions of Theorem 2.11.11 in van der Vaart and Wellner (1996) are
verified. Thus ), Fi(y) = Op(1) uniformly in y. This implies sup, H; = Op(#ﬁ).
In addition, it follows from the same argument of that of Lemma E.1 that sup, Hy =

Op( ) Next, by Cauchy-Schwarz inequality, uniformly in v,

1/2

4
%Zwit(y)] %Z [|!Ri,4+Ri,5H2+ ”&'HQ]
t %

H; < Z”A 1>+ Op(1) NZ
L2

12
+O0p(1) (% ZZ: [@ - 5%}4) %XZ: [HRM + Ris|” + 112> ] OP(— + ﬁ)

Together, provided that N = o(T?) and NL? = o(T?),

1 n 1 n L ) ( 1
——— 4 —=+—)=o0 :
TVN T2 T TNNT

Step 2. Bias correction. Because 1(y) is a martingale difference, and the loss

sup |Hy + Ha + Hs| = Op(
)

function is the log-likelihood,
EUZ = Ay ZE?M ¢zt ),Au = —Ay;.

The effect of bias correction is: uniformly in y,

%Ztr [8§f(@(y),Dit)ii(y)‘} 2NTZtr [021(Bi(y), Dit)Evi(y)]

< 2NTZU BT Biy). D) = 3 (Buly), Da) | Siy) ™
2NTZtraﬁf Bi(v), D) [Sy)™" ~ Ewi(y)
< O S 1B - AP S IR @I+ S S S — B
- T N i il ‘ N &= TN &~ '
= i) = ol 2.
where we used
+ S IS) ™~ Bl < 0p(1) Zuv@ W]~ [VEQUB:w)] I = Or ().

So
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N &
= % . (W S.G(y) — s fi(y) A1 (Y)Y (y Zw’SmG( Yi(y) + op(Cyr(y)).
O

F.2. Proof of Theorem 5.2.

Proof. We now apply Proposition F.1 to obtain the weak convergence of the cross-
sectional distributions. This boils down to verifying Assumption F.1 for G;.
For F;. In this case f(b, D;;) = A(—x,b).
Verifying Assumption F.1(i). We have 5 f; = —A(—},8;(y)) 2y, and f; = AN~} 8;(y))zyx),
Then
max Esup |95 fil|® + maxEsup | fisl|* < C maxEl|zq|* < C
i Y i Y i

Verifying Assumption F.1(ii). For k > 4,
Ellfis(un) = fis)ll* < EIA(=},8:(y1) — Al=afyBi (o)) [l ® < Clys — 3l
E|9sfi(y1) — Oafi(y)|* < EIA(=ayBi(y1)) — A=2iBi(y2))|* il |* < Clyr — wal*.
Verifying Assumption F.1(iii). This holds given E[vy(yx)|5i(wi), i) = 0 and

Vart(dw,i(y)) = ]EtA(_m;t/Bi(y))2m;tAlivart(%Z'@Z}is(y”mitaﬁi(y))Alimit
> Amm(Vart(%;wis(y)!wit,ﬁi(y)))kmm(ﬁku( ) EA(—,8,(y)* @ ]|* > c.

Verifying Assumption F.1(iv). This holds since Esup, Z(A(—2,8;,(y))]* < C.
Verifying Assumption F.1(v). This holds for f(8,(y), Dit) = AM(—x},3;(y)).
Therefore by Proposition F.1,
E() - F()
snr(-)
For G;. In this case f(8;(v),0(y), Dit) = AM(—hu(xi)' B (y)), where

Bi(y) = 0(y)lg(2i) — zi] + Bi(y)-
Verifying Assumption F.1(i). We have dgf; = —A(—hy(xy)' B8 (y))hi(xy), and

fz[o’ = ( zt(wzt) 59( ))hit(mit)hit<wit),-
max B, sup ||0 f;||° + max B, sup ||0p f;]|® < CEy||hit(xi)||® + CE|har(i0) [Pl 9(2:) — 2z:]|° < C
1 y 7 Y

Foi() = Fur()
SNT,I(')

= G("), = Gy(-).
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m?XEt sup ’|ﬁﬂH4 + m?XEt sup Hﬁ',ﬂ“ < CEtHhit(wit)Hg + CEth’t(wit)HSHQ(Zi) - Zz‘HB <C
Yy Y

max By sup || fg0l|* < CE|\his(a0:1)|*]19(2:) — 2il|* < C.
v Yy

Verifying Assumption F.1(ii). This holds by the assumption that for k£ > 4,

EtlA(—hit(wit)'ﬁf(yl)) - A(_hit<mit)/6?(y2))|k||hit($it)||2k <Cly: — ?/2|k

o | A(—hir(2i0)' B (1)) — A(=har(@ie) B (y2)) || ie (i) [|* < Clyn — 1"
Verifying Assumption F.1(iii). This holds for E[v(yx)|Bi(vi), hit(xi), 25, w;] = 0

and
Var(dy (1) 2 Awin(Vari( = 3 w0 (i), 25 8400 o (i))
X, 0!50:G(y) + A~ B0 ()| > c.
Verifying Assumption F.1(iv). This holds since
Esup [Zo(w;S0:Gly)ily) + Al—ha(@a) B7(y)))]" < C.

Verifying Assumption F.1(v). This holds for f(8,(y), 0(v), Dit) = AM—hi(x:)' B (y)).
Verifying Assumption F.1(vi). Note that

C_J(y) = _EtA(_hit(mit)lﬁ?(y))vec(hit(mit)(g(zi) - Zi)/)-
Hence sup, [|G(y)[| < CE|[hi(za)llllg(2:) — 2] < C, and

1G(y1) =G (y2)ll < CEA(=hie(@a)' 8] (y1)) = A —hir(@ie)' B (y2)) | e (i) [g (i) —2i]'| < Clyn—sl.
Therefore by Proposition F.1, for F € {F,,G,} and F € {F,,G,}
F() = F()

snr(°)

= G(").

APPENDIX G. PROOF OF THEOREM 5.3: THE COUNTERFACTUAL QE

Consider a generic F € {F,,G}. Let F € {F,,G,} be its estimator. The goal
is to obtain an expansion for ¢(F,7) — ¢(F,7) uniformly in 7. The novelty of our
analysis is that F — F does not weakly converge due to the issue of unknown rate
of convergence we discussed earlier. Hence the usual functional delta-method is not

directly applicable. Instead, we obtain an expansion for the standardized (b(ﬁ ,T) —

o(F,T).
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Proof. Lemma G.1 below shows the uniform expansions of ¢(F,7) — ¢(F,7) for F €
{F,,G,} and F € {F,,G,}. This implies

GE(r) - QE(r) = —Z[ =)+ ()] + on( e+ Var ),

where for qo(7) = ¢(Fi, 7), qrr(7) = ¢(Gy, 7),

_d.{p{x(JH(T)) d?{;,i(%(ﬂ) pH-(T) _ dH (QH( )) +d?y,i(%(7'))
Gilai(T)) Fy(go(r)) = Gi(qir(r))  Filqo(r))

p11¢)11,<7')
(G.1

We also used the assumption that Vary(d ;) 4 Var,(d}) = O(Vary(pl!)). From here,
establishing the weak convergence can be done via applying Proposition E.1. We now
verify the three conditions in Assumption E.1.

Assumption E.1 (i). This follows from the assumption.

Assumption E.1 (ii).

Esup |pg;(y)[*** < CEsup[|dy;(y)| + |dy, ()" < C
Yy Yy

plhw)? w“ )2 “ ay)?
B ) S B W o ) E S )
dO 2 dH
: ES“P'W%'”EW'%'“SC

where we also used the assumption Vary(dY ;) + Var,(d} ;) = O(Vary(p! ;)).
Assumption E.1 (i11). This condition is verified using the triangular inequality and
the primitive inequalities in Assumption F.1.
Hence Assumption E.1 is verified. We then have the weak convergence, following

from Proposition E.1. 0

Lemma G.1. Let F be the density of F € {F,,G}. Let q(t) = ¢(F, 1), z(y) =
(NT)™Y2 4+ N=Y2Var,(d, ;,(y))*/2. Uniformly in 7, we have

U, 7) =68, 7) = s 3 | poclar) + o) +on(eato))
where (dyi,dy ;) € {(d),;,d3,), (d}f;, %)}, corresponding to F' € {F, Gy}.

Proof. Consider a generic F € {F,,G,}. Let F € {F,,G,} be its estimator. Note that
F(¢(F, 7)) = F(¢(F, 7)) = 7, we have

~ ~

F((F,7)) — F($(F, 7)) = —[F(¢(F, 7)) — F(¢(F,7))]. (G.2)
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Applying the mean value theorem to the left hand side, there is ¢, so that

O(F,7) — o(F,7) = qul)

We have proved that sup, |ﬁ — F| = op(1), e.g., Lemma F.1. By the continuous

~ ~

[F(¢(F, 7)) — F(¢(F,7)))-

mapping theorem sup, |p(F,7) — ¢(F,7)| = op(1). Hence 1/F(g) < C uniformly in
7. This implies |¢(F,7) — ¢(F,7)| < C|Ap(¢(F,7))| where

Ap(y) == Fly) — F(y).
Applying the second-order mean value theorem to the left hand side of (G.2), there
is ¢, so that, for ¢(7) := ¢(F, 1),

~ 1d*F(c;), =

E(g(m)(6(F, 7) = q(7)) + 2 dy (6(F,7) —q(r))” = =[F($(F, 7)) = F($(F,7))].

Rearranging and applying |¢(F,7) — ¢(F, )| < C|Ap(¢(F,7))|, we have
~ -1

OF.7)—q(r) = F(q(T))AF(¢(FvT))+M1(T)
= (_( 3 F(q(7)) + Mi(7) + Ma(7)
My(r) < C'AF(cb(Ji ))2<C|AF( 6(F,7)) = Ap(a(1)]” + CAp(q(r))”
o ARGED) A _ n P Aol
M>(T) Flal) < ClAr(o(F, 7)) (¢(7))l
(G.3)
Apply Lemma F.1, with ¥9(y) = E;A(hy(xi)' B (y)). We have, for all F' € {F}, G,},

0 [—dwz )] + or(e(0)

7

where z(y) = = + \/LN ari(d,;(y))/%. By Lemma G.2, \/LN > dy.i(y)
and Var,(d, ;(y)) ! /(y) are stochastically equicontinuous in £*°()). Then
v,
-

) iy
for (1) = ¢(F, 1), q(1) = <Z5(F\ 7), Vr(y) := Vary(d,,(y)),

de = dy,i(q(7))

+or(2(q(7)))

~, —~1/2 1 ~ —1/2 1
= 5 @) /ﬁzi:d%i(Q(T))_VF(Q(T)) /\/_Nzi:dv,i@(ﬂ)
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v,i\g\T

\/— |Ve(@(r)) Ve(a(r) ™ =1

= op(2(q(1)))
My(7) + My(7) = op(2(q(7)))-

The desired expansion then follows from (G.3).
U

Lemma G.2. \;—NZZ dyi(y), and Var,(d,(y))"/?-= I~ 2 dyiy) are asymptotically
stochastically equicontinuous (ASE).

Proof. We show respectively that both \/LN S dyi(y), afld Vart(d%i(y))_l/Q\/l—N > dwf@)
are asymptotically tight under the metric p(y1, 1) = Cly1 — y2|"/* for some large C.
(i) For any 7,6 > 0, by Assumption E.1,

ZESHPIN V2dyi(y )ll{sup!N’l/de,i(y)l > 1}

< ZESUp’de ‘ 1{Sup|d¢z( )| > \/NU}

C
< CV (sup |dy.o(y)[? > N?) < WEsup dui(y)l? = o(1).
Y Y
1
N ZE’dw,i(le) — dyi(ya) [ < Clyr — o'/,
sup 3P ( sup |dy.(y1) = duil)| > x/ﬁn) <E ( sup[dyilyn) - dw,z‘(y2)|2>
n>0 p(Y1,y2)<d p(Y1,y2)<d
< 62

Hence all conditions of Theorem 2.11.11 in van der Vaart and Wellner (1996) are
verified. This implies the ASE of \/Lﬁ Yo dyi(y).
(i) Write v(y) = Var,(d, ;(y))*/2. Suppose v(y1) > v(y2). Still by Assumption E.1,

ZEsuplN o(y) "t dy(y) [ H{sup [N 20(y) " dy(y)| > 0}
Yy

< 3y Ll (21 sup () )] > V)
¢ [l
< N\/ESUP[W] =o(1).

d
—ZE|U Y1)y (1) = v(y2) T dya(ya) P <E
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)l [ — ol _
\/ y2>¢ o Eolr = C el

SUPZU P ( sup  |v(y1) ' dyi(y1) — v(y2) ' dyi(ye)| > Wﬁ)

n>0 p(y1,y2)<d

< E( sup  |v(y1) dya(yr) — (yg)_ldw(y2)|2>
p(y1,y2)<d
d- i —d.; 2 i _ 2|2
S E sup ’ Y, (yl) v, (yZ)’ + E sup ‘ 19,352/ ’ sup y1> U(y23 ’
P(y1,y2)<d U<y1)v(y2) p(y1,y2)<d vt p(y1,y2)<d (yl) U(y2)
< 6

Hence all conditions of Theorem 2.11.11 in van der Vaart and Wellner (1996) are
verified. This implies the ASE of Vart(dw(y))_l/Q\/—lﬁ > oidyiy).

E swp [dui(yn) — dos(u) P+ B sup (W) Zba@)P g
p(y1,y2)<8 p(y1,y2)<d ny(y) j(y) )
_ _ %
wup (Vuln) - Vo) sup W BWIE g
p(y1,y2)<6 p(y1,y2)<d ( ) ( )

APPENDIX H. PROOF OF THEOREM 5.4: BOOTSTRAP VALIDITY

H.1. Boostrap weak convergence. Suppose a functional estimator, whose boot-

strap version also has the following expansion:

T =90 = 5 22 | ) )| o Gre) (@)
where (dy, ,(y), d% ;(y)) is an SRS with replacement from (dyi(y), d,.i(v))-

Proposition H.1. Suppose J satisfies conditions in Proposition E.1. We have
(1) R R
9%(-) — 9(-
0=90 L. g
snr ()
where syp(y) = w7 Var(dy;) + Vary(d,;), and G(-) is a centered Gaussian process
with covariance kernel

o5 (?/k Z/l)
H(y,y) = lim — 2222
(G, ) = lip or(yr)or(y)
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(i1) For the same G,

() =90 L. g
)

g(*

~—

where $* is the interquartile range o 1/9\*() - 5(), defined as

y) = T75(y) — QTF25(?J);

s
275 — R.25

here q(y) is the p th bootstrap quantile of 5*(y) — 5(3;) and z, is the p th quantile of
standard normal distribution.
(i4i) Let q. be the bootstrap quantile of sup, |1/9\*(y) — 1/9\(y)|/§*(y) Uniformly for
PepP,
P(I0(y) = V@) < -5 (y), YyeY) 517

Proof. (i) Comparing the expansions of 7* with ¥, we have

N
I(y) —0(y) = ) _lai(y) — Eai(y)] + op-(Cur(y))
i=1
where of(y) = %%d%(y) + v i(y). Below we prove the weak convergence of

Sl —E*af]/snr, where sy = g5Var(dy,) + +Vary(d,;).

(i) show the fidi. For any finite integer M > 0, and any yi,...,ypy. Let AF =
((af (y1) = E*ai(y1))/svr(y), -, (@ (yar) — B i (yar))/snr(yar))'. We shall show

/ *
—g\/% —* N(0,1),
for any g # 0 as an M-dimensional fixed vector. Note that Var*(A;) —* H. This
implies Var*(¢' Y. A7) —¢'Hg = op(g'Hg), given that Ay (H) > ¢ > 0. Hence by the
central limit theorem for i.i.d. data (the bootstrap data is i.i.d. since they are SRS
draws with replacement),
INT AR NT AR .
g\/%ng = \/er*(z;jii o) +op(1) =% N(0,1).

(ii) Let £°()) be the set of all uniformly bounded real functions on ). We show the
asymptotic tightness in £°°()), by verifying the three conditions of Theorem 2.11.11
in van der Vaart and Wellner (1996). Let

. i 1) RN ()
7 _ VT iy e ly) — _di;,i Y
i EYAO IS W) V,(y) /2 (H2)
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Let Fy(y) = i = L (bi(y) + ¢;(y)). Define p(yr,52) = Clyr — ya|'/*/ (/€ for some
C > 0 and an arbitrarily small € > 0. Also recall the definition of b;, ¢;, b;, ¢ in (E.3).
Condition (1). For every n > 0, and an arbitrarily small a > 0,

SO sl ()1 I 0)] > 0}

< n lZsuplbi(y) + ci(y) P {sup [bi(y) + ci(y)] > VNn}
N &~ , Y

c o1 _ 11
< —_— bz 2+a - - Ci 2+a
< NN ;Sgpl WP+ s ;sgplc )|

= Op(1) E sup [b;(y)]*"* 4+ Op(1) Esup |&;(y)]*™ = op(1).
Yy Y

C 1
na+lNa/2 na—i—lNa/Q

Condition (2): For every y;,y2 € ), and every € > 0, with probability at least 1 —e,
§ 2 [Fi(yn) = Fi(y2)|? < & 22, ElFi(y1) — Fi(y2)[?/e. On this event,

ZE*|F.* (1) — F(g)|* = Z|F yi) = Fi(y2)|”

< DA - R < OB ) ~ )+ CBlen) - e
< CBldys(n) ~ doin) e+ CITtm) = ol e+ BRI

Eld,i(y1) = dyi(y2)

(y

(7 i e < Clyr — o] Je < p(y1, 12)°
m

Condition (3): For every § > 0, on the event ), (Supp(yl,y2)<5 |Fi(y1) — Fi(y2)|2) <
> (SUP(y ay<s | Fi(1) — Fi(y2)?) /e,

SUPZU2P* ( sup  |Fi(y1) — Fi(ya)| > 77) < Z]E* < sup  [Fi(y1) — Fi(yz)F)

+

n>0 p(y1,y2) < p(y1,y2)<d
= Z( sup | Fi(1) — Fi(us 2)<ZE< sup | Fi(y) - i<y2>12) /e
7 \Py1y2)<6 Py, y2><5
< 5 ZE ( supfhlwn) - bi<y2>|2> Je+~ ZE <p<y??;5<5 ciln) — cz-<y2>\2> /e
< 8. (H.3)

Thus all conditions are satisfied. Together, the process »_.[a;(.) — E*af(.)]/snr(.)

weakly converges to a centered Gaussian process, with covariance kernel

o7 (Z/k Z/l)
H(yp, ;) = lim ——22 22
(g, ) = lip or(yr)or(y)
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Hence uniformly in y,

I(y) =) _ Yiloi(y) — Eai(y)]
snr(y) snt(Yy)

This implies the weak convergence .

Lyr(y) = +op(1) =G

(ii) The interquartile range is defined as

~x . qf“75(y) - CJ.*25(?J>
° (y) B 275 — 2.25 7

where ¢;(y) is the p th bootstrap quantile of 5*(3/) - 5(y) and z, is the p th quantile
of standard normal distribution. It suffices to prove

SNT

sup‘ 1( — op(1). (H.4)

To see this, note that P*(Z,(y) < v) =¥ P(G(y) < v) uniformly in (y,v) € Y xR.
Let k,(y) be the p th bootstrap quantile of Z}(y). Note that the covariance kernel of
G(y) satisfies H(y,y) = 1, so G(y) is standard normal for any give y. Thus f-@p(y) —P
zp uniformly in y. Recall that g;(y) is the p th bootstrap quantile of *(y) — I(y) =

snr(Y)Zir(y), we have g (y) = snr(y)rp(y). Let Ag™(y) = q75(y) — ¢5(y); similarly
define Ax(y) and Az. We have Ag*(y) = snr(y)Ar(y). Therefore

5 (y) 1= Aq*(y)/Az — snr(y) _ Ak(y) 1= Krs — 275  Kas — 225

snr(y) snr(y) Az Az Az
which converges to zero in probability uniformly in y. This also implies (H.4).
(iif) Let

\_/\_/

I(y) — I(y)
5*(y)

, B:=sup
y

A = sup

Clly) = {a:[ly) —al < 45w}

By Proposition E.1 and the continuous mapping theorem, A =% sup, |G(y)|. In ad-
dition, by (H.4)

|B — A| SAsup’?—*T <1— i )‘ =op(1),
y

SNT

implying B —% sup, |G(y)|. Next, by part (ii) of the proposition,

~

0°(y) ~ ()

S*

C :=sup
Yy

=% sup |G(y)].
Yy
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Therefore for the event: E := {J(y) € Cl.(y),Vy}, we have
P(E)=P(B<q,)—>P(C<gq)=1-1.

Now consider a DGP sequence {Pr : T > 1} C P and its subsequence {Pr, : k > 1}
so that

limsup sup |P(E) — (1 — 7)| = limsup |Pr(E) — (1 — 7)| = lim |Pp (E) — (1 —7)|.
T pepP T k

Note that {Pr, : K > 1} C P so the probability measure Py, satisfies the conditions
of this proposition. It implies limy Pr, (E) — 1 — 7. Hence

limsup sup |[P(E) — (1 —71)| = 0.
T PeP

H.2. Proof of Theorem 5.4 (i): coverage of 6(y).

Proof. The expansion of Lemma D.3 still holds:

B, — By = —A;

L Z bu(y)" + Rig + 2R} + 2R} 5 — R, — R}

where the * variables are defined as a cross-sectional random sample with replacement.
Define, for Py, = W*(W*W*)~1W+

~k % 1 w117\ — sl 7k (k! Dx v\ —
Zﬂ z' wz,N» wz,N *— (NW w ) IW Z (Z PWZ ) !
Also note that B = 6w; + ~;. Then similar to (E.7), by Lemmas H.1 and H.2,

é\*(y) - 9<y> = N Z ZA yztw* SZ},ZN + = Z’Yz ;(,SZ)Z,N

N N
1 1 ~ - /
+N Z Rz 9’w>k S:Uz N + N Z[QR:A + 2RZ5 — R;'k,4 — Rf’5]w;k 'ZkUZ,N
1 Z]T[l T - 1 X .
= — A¥. ; * o ¥ O - * * )
NT ; ; L) (y) wi Sy, y + Z% (y)w; Sy, v +op (\/W)
1 NI
- ﬁ Z Z A;(y)wlt( w;’ S“’Z N Z 7@ j Swz + 0p (CNT(y))
) Z]:Vl If:l1
- NT {ﬁdww + d%-(y)} + op+ (Cur(y))- (H.5)
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Hence expansion (H.1) holds. This leads to the desired result, following from Propo-
sition H.1.
0

Lemma H.1. For the cross sectional bootstmp, umformly nyed, ~ > IR:l*=
Op-(T7?), NZZ» R} jw; OP*(T\ﬁ) and Z R OP*(T\ﬁ)
Also, + 3, Risw} = op*(T I)s and z R op*(T 15).

Proof. First of all, the same proof of Lemma D.4, D.3 in the bootstrap world still
holds. So it is easy to claim + Y. [|Ri||*> = Op+(T3). The proof is similar to that

of Lemma E.1, with a slight modification.
(i) For % > R;“Awf/, we define b} (y) = %A’{iAzi(AL ® Aj;) and

a; (y) = TVQ;(8;) @ VQ;(8:) — T(E[VQs(5:) @ VQi(5:)])".

Again, the star variable means a cross-sectional random sample from i = 1,..., N.

Also, let F(y) = i (y)bi (y)ui. Now E“F}(y) = ¥, Fi(y). Hence

IS i = X 20 = S - 0]+ )
The proof of Lemma E.1 shows sup, || >, Fi(y)|| = Op(1). It remains to prove
> FF(y) —E*F}(y)] is asymptotically tight. The proof is mimicking that of Lemma
E.1 in the bootstrap world, so we are briefly outlying it here.
For Condition (1) of Theorem 2.11.11 in van der Vaart and Wellner (1996),

* * * 1 * * * * a
ZE SUP\F fl{Sup’F (W) >n} < W]E sup |a; (y)b; (y)w; [**

IN

Oryar) y 2 BT a0 (0w < O,

The bound + >, Esup,, |a;(y)|™ < C follows from the proof of Lemma E.1.
Condition (2): Take yy,y2 € Y. For an arbitrarily small € > 0, with probability at
least 1 —¢€, >, [Fi(y1) — Fi(y2)’2 <> E|Fi(y1) — Fi(y2)]?/e. On this event,

ZE*|F* (y1) Z|F ) — Fi(y2)]? < ZE|F (y1) — Fi(ya)|? /€
O S (Eln(n) () yjerol 32 )~

< Cly — yz\ 1/2 /e < p(y1,y2)?,

where p(y1,y2) = Clyr — ya|'/*/ /€ for sufficiently large C.

IN
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Condition (3): For every ¢ > 0, with probability at least 1 — ¢,

> (SUD (1 <6 [ Fi(n) = Fily2)?) < 320 E (SUDyy, ay<s | Fi(yr) — Fi(y2)]?) /e. On this
event, for every 6 > 0,

SUPZUQP*< sup | Fy (y1) — F} ()] >17)

n>0 p(y1,y2)<é
< ZE* ( sup | Fi(y1) — E*(yz)|2) =) ( sup [ Fi(y1) — Fz'(y2)|2>
p(y1,y2) <6 i \Py1y2)<é
S ¥ ZE sup |ai(y1)bi(y1) — ai(yz)bz‘(yz)|2||wi||2) /€

p(y1,y2)<d

1 1
< =) (E sup lai(y1) — ai(y2) )2 /e + C— sup 1bi(y1) — bi(y2)|* /€
N Z ly1—ya|<(5/C)ie2 N Z ly1—y2|<(6/C)de?

Ce
2 2
< 0= e <90
by choosing a sufficiently large C' in the definition of p. Hence all sufficient conditions
of Theorem 2.11.11 in van der Vaart and Wellner (1996) are verified. Thus ), [F;(y)—
E*F(y)] is asymptotically tight.

(ii) For & >, Risw; , similar to Lemma E.1, we show sup, || >, F(y)|| = Op-(1)

where

Fi(y) = \/NAlz[Au ! — Ay I]AuVQ (B7)w; _\/_N<EAM[A _Aul]Alini(ﬁi>wi) .
By Lemma E.1,

E* ZF,*(ZU) = ZAM i —ALALVQ(B)wi—E(AL[AL = AL ALV Q:(B)w;)

is asymptotically tight. Hence it remains to show > ,(z(y) — E*z}(y)) is asymp-
totically tight by verifying the conditions of Theorem 2.11.11 in van der Vaart and
Wellner (1996).

Condition (1): for every n > 0, fix 0 < a < 2,

ZE*SUP|F* \1{Sup|F*( )| >n} = ZSHP\F \1{Sup|F()|>77}

C 1

a+1Na/2)N
n
< Op(l).

IN

Op( > [Esup|VT(Ay - Ii)|4+2“]1/2|[EsupIﬁVQi(ﬁi)|8+4“]1/4

%

Condition (2). Define a;(y) = VTAL[AL — AGAL , bily) = VTVQi(B) and
c¢i(y) = VT[AG (y) — A (y)]. With probability at least 1 — e,
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S F(n) — Fi(ga)* <EY, | Fi(yn) — Fi(ya)/e. On this event,
ZE*|F'* Y1) — '*(?/2)|2
= Z|F y) = Fi(y)* < ZE|F (y1) — Fi(y2)[* /e
< CN Z [Ellai(y1) — ai(y2)|| ]1/2/6 + CN Z[Enbz(yl) - bz‘(yz)Hﬂl/Q/e

1
< COlyr —wol?/e + ¥ > Ellei(yr) — cily2)|[1? /e + Clyy — va]/? e
< Clyr =l /e < plyr, y2)*.
Condition (3): Define

M = %zl: (,;( sup  [ai(y1)bi(y1) — az’(yQ)bi(?J2)|2||wi||2> :

Y1,Y2) <0

For every € > 0, with probability at least 1 —e, M < EM/e. On this event, for every
§ > 0, and sufficiently large C, recall p(y1,v2) = Clyr — ya2|"/*/+/€.

SUPZUQP* ( S (1) — F} ()] > 77)
p

1n>0 Y1,y2)<d
1 * * * * * *
< N ZE sup  |a; (y1)b; (y1) — a; (y2)b; (y2)*[|w] ||2>
i p(y1,y2)<d
1 * * * *
t¥ Y E ( sup | (Bai(y1)bi(y1))* — (Bai(y2)bi(y2))**[|w; ||2)
i p(y1,y2)<d
1
= M+—=> E| sup [Ea;(y1)bi(y1) — Eai(y2)bi(y2)|?||w;]?
N ; (ﬂ(y17y2)<5
]‘ 2 2
< EM/e+ NZE sup  Ella;(y1) — ai(y2) ||| wi| SUPEHb( i
i yl y2)<5
1
t¥ ZE ( sup  E[[bi(y1) — bz‘(y2)||2||wz'|’2> sup E[ja; (y)||?
i p(y1,y2)<d Yy
1
< =) (E sup |ai(y1) — ai(y2)|*)'/? /e
N Z 1 —ya|<(6/CyAe
1
+C—= > (E sup 16 (y1) — biya)|*)/? /€
N Z 1 — 2| < (8/C)te?

+Csup  sup  [Ellei(y1) — iyl + 1bs(yr) — bi(ya)[|P] < 6%
wi |y;—y2|<(6/C)*

The proof of + >, Rfsw; is the same.
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O

Lemma H.2. Let V,(y) = E(w,w}) @ E(vi(y)7i(y) |w
(i) sup, || 7 Soiy Yimy Avi(W) i (y)will = Op(737),
(ii) sup, || V5 (y) =" 2vec(5 32, vi(y)wi) || = op(1),

(i) % Soiey 7 Sy AL )i (y) W) (She y — Sus) = 0p- (A=),

(i) 5 Xie1 % (W)ws (Sie iy — Sus) = op- (S IVAW)I').

Proof. Let bi(y) = — <= > Au()va(y)w; b(y) = Joos 2o A, 5 (y)w) .
Also let ¢;(y) be any component of \_/W(y)*l/Qvec(\/L]v Yo vi(y)wl), and ¢f(y) be any

component of V,(y )*1/2vec(%ﬁ S vi(y)w!). In addition, let F,(y) = \/Lﬁbi(y),

Fr(y) = <0 (v), Fiay) = Jveily), and Fy(y) = F<¢; (1)-

Then, the same argument in part (ii) of the proof for Theorem 5.1 can be applied,
to show that both ) . F;1(y) and ), F; 2(y) are asymptotically tight in ¢>°()’). This
leads to (i) and (ii).

In addition, the same argument can be applied to show that both >, F/ (y ) and
> Fz*2( ) are asymptotically tight. Hence supy |+ Sy S AL, iy Yw!|| =
Op+ (), and sup, [[V; (y) ™" 2vec(5 32,7 (y)wi) || = op-(1). Finally, || S5, y—Su:]| =
op+(1 ) ThlS leads to (iii)(iv).

). Then

O
H.3. Proof of Theorem 5.4 (ii): coverage of cross-section distributions.
Proof. We first prove the expansion of ét. By (H.5),
IV 1 N T / ]. N /
0"(y) = 0(y) = &7 Z Z Y)u(y) wi Suw. + > 1 @w] Sue + op- (Cnr ().
i=1 t=1 i=1
Recall that ,3z (y) = ﬁz( )+ 0" (y)[g" (2:) — z?]. Similar to (F.1),
1 / 9* * *
NZA z B, ( ——ZA hi(z)* B (y)) = D + ... + D3 + op+ (Cyr)
1 A * *’ a5* *
Dy = - ZA( ha(aie)” BY (y))2 (B, () — B; ()
1 . ,
= 7 2 Al BT ()AL 0) + o Crw)
1 . s ~
Di = gy 2otr | Al-halwa) BT (n)eia (B () - B W) (Bl (v) — 5 (0)'
1 K3

= gz 2t [Ahal@a) BT )i B W) + or (Curw)
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D; = tr[G(y) (0" (y) — 0(y))] .
1 */ ~ * * 1 */ ~ *
= T > w8, Gy) AT ()5 (y) + N Z w; Suw:G(Y)7; (y) + op+ (Cvr(y))
it )

D; = %Z(Bxy)—ﬁ:(yw hio(aa)” B (v) @il (0" — 6)[g"(21) — =]
ZA hir(@a)” B )iy (6" = 0)(9” (z1) — 20)]* = 0p- (Cur ().

Recall that W1, (4: B (1)) = A= B ()~ e (A(—ha(@a)” BY ()i B (y) )

Hence

Gily) = —Zw, i ZA hio(@i) B (1) + 5 2w Su-G )] )
*% Z[ w]'S.:Gly) = A=hin(@i)" 87" (1) 2 AL (W)Y (y) + 0p- (Cvr(y))
- Z \/— dyi ( 1 Z &} (y) + Gily) + op-(Cur(y)) (H.6)

7

This shows
Gi(w) ~ Culy NZ[—d”* )] + o (Cur ),

Hence expansion (H.1) holds for G;. The same proof also carries over to obtaining
expansions for I} and Fj j, so we omit the proof for brevity. This leads to the desired

coverage for following from Proposition H.1.

U
H.4. Proof of Theorem 5.4 (iii): coverage of QE.
Proof. For a generic and F* € {7, G*}, and F € {F,,G,}, we have
FH(o(F*, 7)) = F(¢(F,7)) = 7.
Thus similar to the proof of Lemma G.1, for ¢, := ¢(F, 1),
O(F", 1) = o(F.7) = Ar(gr) + My(7) + Mo(r)
Ft(QT)
Ar(y) = F'(y) =~ Fly)
Mi(r) < ClAp(G(E", 7)) = Ap(qr)]” + CAr(g,)’
My(r) < ClAp(¢(F*,7)) — Ar(gr)]- (H.7)
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Expansion (H.6) can be proved very similarly for F\ *. Hence in general,

Ar(y) = NZ\/_dd” Z y) + op+(Cnr(y))- (H.8)

By Lemma H.3, \/_N > di i(y), and Vary(d, i (y)) =/ —= >_; d5,,(y) are asymptotically
stochastically equicontinuous. Then M; + M, = oP*(CNT( )). Combine (H.8) and
(H.7),

e — T) = -1 ! op-(CnT
O(F",7) — ¢(F, 7) Ft(q)[ Z\/—mqr Zdqu + op-(Cnr(gr))-
Thus
GE;(7) - QE(r) = —Z[ L)+ 0] ome (e Ve 1)

where p/T* is SRS with replacement from p’!; the latter is defined in (G.1). Hence
expansion (H.1) holds forQE;k (1) — QE;(7). This leads to the desired coverage result,
following from Proposition H.1.

U

Lemma H.3. \/LNZZ & . (y), and Vary(d,;(y)) /-~ = 2 d5:(y) are asymptotically

stochastically equicontinuous.

Proof. The proof is the mimick of that of Lemma G.2 in the bootstrap world. As it
is almost the same, we omit the proof for brevity.

O

APPENDIX I. PROOFS FOR THE STATIONARY DISTRIBUTION

[.1. The asymptotic distribution.

Proposition 1.1. We have

F\OO() — FOO()
snr(°)

= G(-)
where G(+) is a centered Gaussian process with covariance kernel

o5 (Z/k @/l)
H(y,y) = lim — 2222
(G, ) = lip or(yr)or(y)



48 IVAN FERNANDEZ VAL, WAYNE YUAN GAO, YUAN LIAO, AND FRANCIS VELLA

Proof. For notational simplicity, we write dy; = d; and d, ; = 3. Lemma I.1 shows

uniformly in y, (y7 = \/% + V()

Puli) = Fult) = 32 [ dea) + )] +on(Gnr )

We now verify the three conditions in Assumption E.1.
Assumption E.1 (i). This follows from E[w;: (ye)|vi(vi), ws, Bi(yi), Dit] = 0.
Assumption E.1 (ii).

T
1
Esup |dy,i(y)]*™* < OEsupHﬁzaﬁfi(ﬁmyyzitHHa <C
! Y =1

(N2
Bsup| BN < CEsw Z (B <C.

Assumption E.1 (iii). For any § € (0,1), and p(y1, y2) = CV4yy — yo| /4

E sup ’dw,i(y1)_dw,i(y2)|2

p(y1,y2)<9d
1 T
< E sup  [|0sfi(Bi ) — 9 fi(Biw) IPl—= > Zal?
p(y1,y2)<d \/T;

ly1 —y2|<C4

1/2
< C (E sup  |9sfi(Bi ) — 8,8fi(5i,yz)/“4> < 00§ < 8%

Let V = Var(J= 3, ZalB;) and r(y) = 93fi(Biy). Then Vy(y) = Er(y)'Vr(y).
Hence

sup Vi () — Vis(y2)|”

p(y1,y2)<d
< o [E(r(y1) — 7(42)) Vr(yo)]? + [E(r(y1) — r(y2)) Vr(y2)
p(Y1,92)<
< C sup  Ellr(y) —r()lPsupEllr@y)|> <O sup  Ellr(y) - r(y2)|?
|y1—y2|<Co* Yy ly1—y2|<C*
< CC8® <62
Also, it is our assumption that
E sup |fl(/617y1) ]Ef’l(/gz’yl) (fl(/gz?yQ) ]E’f’l(/ﬁz’yQ)” < 52

p(y1,y2)<d \/Var(_fi(lgz'?yl))var(fi<18i7y2)) -
o Varli(Bi ) ~Var(£ (B )P _
p(y1,y2)<6 Var(fi(B;,y1))Var(fi(Bi,v2)) =
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Hence Assumption E.1 is verified. We then have the weak convergence, following

from Proposition E.1. 0

Lemma I.1. Suppose Assumption F.1 holds. Uniformly in y,

o~

Foly) — Foly) = _%Zaﬁfi(ﬁiay)lz

3

1 1
7 2 i(Biy) ~ EfiBiy)] +or(—==).  (L1)
Proof. By Lemma D.2,
B, — B = _%;Zit +R s+ R +Ai

where sup, + >, A2 = Op(L2*T—*) and R, ; is the vectorization of (R;4(y) : y =
yl, ..., yX). Hence

1
N ;fi(ﬁi,y) — Foo(y)
= A B 8+ 5y [ B~ B)B -8
* %ZZ fiBiy) —Efi(Biy) + Ra
_ _%;fé(y)’ Hmztr [FstwEel]
+%Z (B, y) —Efi(Biy)] + ;Hd

where for some a;,

H = 2NTZtr rsy) (i — Evy)|
Hy, = sz:fz y) (Ris+ Ri5)
H3 = %Zfz( A __Ztr [fl Zzzt Z4+Rl5)]

Ztr fl ZzztA/]
+—NZtr[fi,5y 14+R15>(/6 5] Ztr[fzﬁ i(B; — 5)]
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1 ~ . ~

H = — Z agfxai, y. D) (B — B) @ (B, - B) ® (B, - B,)

w::vﬁzzn Zﬂ" = 9sfi(B.y),  fly) = 5£i(B.y)

We proceed as following steps. Step 1, show 23:1 H, is negligible. Step 2, estimate
the bias Ev; and compute the debiased estimator, and show that the bias estimation
is negligible.

step 1. Write Fi(y) = #ﬁtr |:fl/3<y)(’(}1 —]Evi)]. Then H, = #ﬁzlﬂ(y) We
now show ) . Fi(y) = Op(1) uniformly in y by showing it is asymptotically tight. For
any 1 > 0, and a > 0,

ZEsuer IL{sup [ F(s)] > 0} < %ZEsgerxy)r?l{sgpm(y)\ > )

4Na/2 I+a ZESUP [flﬂ — Ev;)

C
< - =
- Na/2n1+a N

] 24a

— oY+ = o(1)

provided that Ev; and max; E sup, || fw*? < c.
Next, for every y1,42 € Y,

C . .
ZEle'(yl) — Fi(y2)]? < ¥ Z(Enfi,ﬂ(yl) — fip () 1))/ (Ellvs )/
< Cz|y1 — o] Z

For every § > 0, and p(y1,%2) = C|y1 — ys|, for sufficiently large C,

SupZn P ( sup  |Fi(y1) — Fi(2)| > 77) < ZE ( sup |Fi(y1) — Fi(ya)|2>

77>0 p(y1,y2)<d p(y1,y2)<d

< NZ sup | fia(n) — fonle) )2 (Ellos] )2 < 6.

p(y1,y2)<6
Hence all conditions of Theorem 2.11.11 in van der Vaart and Wellner (1996) are
verified. Thus _; Fi(y) = Op(1) uniformly in y. This implies sup, H; = Op( \ﬁ)
In addition, it follows from the same argument that sup, Hy = Op( ) Next, by
Cauchy-Schwarz inequality, uniformly in vy,

Hj < }:wsw +Op(1 N}j

1/2

4
1
— Z,
T; !

1 ~
2 (IR + Ris 2 + 1A



SUPPLEMENT TO “DYNAMIC HETEROGENEOUS DISTRIBUTION REGRESSION” 51

1/2
+0p(1) (% Z [Bz - ﬂiF) %Z [||Ri,4 + Ri,5||2 + ||Zz||2:| OP( !

Together, provided that N = o(T?) and NL? = o(T?),
1 L

1
Hy+ Hy + H3| = Op(——=
Sgp‘ 1+ Ha + Hy| P(T\/N T3/2+

C ~ 1 1
sup Hy < sup — B, — B> =0 0 .
w0y <oy 318~ B = Ort7) = P(m>
Step 2. Bias correction. Because 1;5(y) is a martingale difference,
1
== > EZ.Z,
t

The effect of bias correction is: uniformly in y,
1 905 1 NN 1 9
m Z tr lagfi(ﬁp Y)g Z ZitZit] ~SNT Z tr [05.fi(8: y)Evi(y)]
~/
o Ztr [3(Bsy) ~ 3580 w)] 7 > ZZ,

2NT Ztraﬁfz Bi,y) l Z zitzit — Ev

t

ZHﬂ B 0p(1) + (5 ZH—Zznz — Eul?)?

1 1
m> = op(—~=)

IA

IN

= Op(

%

Proposition 1.2. We have
GOO(‘) — GOO(')

snr(°)

= G(")
where G(+) is a centered Gaussian process with covariance kernel

o2 (Yn, Y1)
Hlye. ) — lim 2T W 8)
(s ) = n S o )

Proof. For notational simplicity, we write dy; = d;f;ﬂ and d,; = df:l-’n. Write
Osfily) :== 0sfi(B;,0i,y). Then uniformly in ¢ < N, (E.7) implies

~ 1 1
0:=0:= 37 > Zjhw) S + i > ;WS + op(Cnr(y))-
it j

L2
T4 71
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By the Taylor expansion up to the second order,

—Zfz B 0iy) — Zfﬁz,ez,y Do+ ...+ Ds+ Ry
Dy = N zi:aﬁfz’ y)' (B, — B;) = _ﬁ ; 0sfi(y) Zi + op(Cnr(y))
Dy = % Zt" [fzﬁ(f% - ﬂz)(/@z - ,31)/}

- QNTZtr [aﬂfz B, 0:,y)— sz + op(Cnr(y))
D, = —Zagfi 8,61 (6:— 0)

- Z 00 (B0 00 Ze it} Sus + 513 3 0ufi(Bi 01,0+ 00 Cr (1)
D=y SO = B0 Fuso 09+ 5 D0: = 6 B~ 0) = on(Gr ()

(2

This implies
Gu) ~ Gl) = 3 | S0 + )| +op(Cont). (12)

We now verify the three conditions in Assumption E.1.

Assumption E.1 (1)(ii) hold by the assumption.

Assumption E.1 (zzzz Let A := %Zz]EHw;SWH‘lH\/LT >, Zjill*. For any § €
(0,1), and p(y1, y2) = C*|yr — yo| /*

E sup |dyi(y1) — dyi(ye)]?
p(y1,y2)<d

T
/ / 1
< E sup |05fi(B;,0:01) — 0si(B: 6i, y2) Hz\ITZZuHZ
Tt:l

p(y1,y2)<d

+OE sup || Hzt yl Hit(y2)|‘2||w/‘swz”2
p(y1,y2)<d \/_ Z !
1/2

< CCO*+C|E sup [0ofi(1) = afile)|*| VA< CCH* <6

p(y1,y2)<d

Next, dy j(y) can be expressed in a more compact form. Let

89f<y)/ = (89f1(y)/7 "‘769fN<y)/)7 th = VeC<th717 ceey th,N)7 éj = (07 "'707 \1;_/ 70)

7 th block



SUPPLEMENT TO “DYNAMIC HETEROGENEOUS DISTRIBUTION REGRESSION” 53

Then . .
dyi(y) = | wwjSuw00f (y) — 8/3fj(y)/é/} — _Z;
N J J \/T -
Let 11(y) = yw}Suw:00f (y)', r2(y)' = —0sf5(y)'€}, V = Var(= 32, Z | B, w;). Also
let Vi, , denote the (ki,ks) th block of V, which is a matrix collecting pairwise

covariances between elements of Z;,,, and Zj ,. Then we have Vw(y) =E(ri(y) +
r2(y))'V (r1(y) + r2(y)). Hence

sup V(1) — Voo (u)|?

P(y1,y2)<é
< max  sup  [E(ri(y1) — 71(y2)) Vri(ya)l? +max  sup  [E(ri(yi) = 71(y2)) Vra(ya)|®
I=1.2 (1 yo) <6 B,
+max sup |E(r2(y1) — r2(y2)) Vri(ya)|> + max  sup  [E(ra(y1) — r2(y2)) Vra(ya)|?
=12 p(y1,y2)<d T
< a;+..+ay
2
< S E||0 — 0 i § s
a < max s (< S B0 (n) = 9o )1V 190 (i) 201211 e
A=1.2 p(y1 y2) <6 k1,ka<N
1/2 1/2
< Cmax sup  max [0y fia (1) — Do fis )] [ENOfra ) 1] By
=12 p(ys ) <8 k1ok2 <N
< 8
_1 N _2
a < max swp |0 S EN i (01) — Do, ) Ve s 1S0s 110355 ) || < 07
=12 p(y1,y2) <6 L™ k=1 ]
_1 N -2
az < max sup NZEllaﬁfj(%)—aﬁfj(yz)HHVj,kg||||39fk2(yd)||||’wj||\|5wzH < ¢
d=12 541 o)< L k=N _
2
ar < max sup (B9 (m) = 95w [1Vislllsf; (wa) I < 6.
4=1,2 p(y1,y2)<8

Also, it is our assumption that

E sup | fi(Bi, 1) — Efi(Bi 1) — (Jiz(ﬂia?h) —Efi(By, 1)) < 62

p(y1,y2)< V Vv<y1)vw(y2)
Haefl(/@m 01'7 yl) - aHf’L(/Bza 92’7 yQ) H2H’7],zw;H2

sup = =
p(y1,y2)<8 YAZ (yl)vv (92)

wp ) =V _

p(y1,y2)<8 Vv(yl)V«,(yg)

E < 62

Hence Assumption E.1 is verified. Then based on (I.2), we have the weak conver-

gence, following from Proposition E.1.
O
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Proposition 1.3. For all F € {F,G}, F is continuously differentiable, whose
density F satisfies: there are C,c > 0 so that inf. inf|,_4(Fr)<c F(y) > c
Then .
QEOO(’) — QEOO(’)
Inr ()

= GQE,OO(')>

and . ,\
QE. () = QEs(+)
Inr(+)

=" GQEOO(')?

Proof. Similar to the proof of Lemma G.1, for F' € {F,,, G} and Fe {ﬁm,@o@},

-1 1 1
Pt ¥ 2 o) + dala)| + orteta(),

where q(7) = ¢(F, 1), 2(y) = (NT)™Y/2 + N=Y2Var,(d, ;(y))*/?. This implies

O(F, ) — ¢(F,7) =

e ooII oo,l1 1 oo,l1
GEn(r) - QEw(r) = Nz[f )+ 0| on( e  Var2 ()

From here, establishing the weak convergence can be done via applying Proposition

E.1, where all conditions in Assumption E.1 are straightforward to verify.
The bootstrap convergence for QE; (1) — QE(7) follows from the same argument.
O
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